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ase Loid to be hutually excltusive euent
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SOJY\P\E SPQCE s = {H,TB

G\e_l:tinj One bead

Event A =

No- of %\Jbuzso.\::\e ovtcomes
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) L3 3 3,3 w3 53 g3 '
h Ly Y 3y byt 5,4 64

1,65 s 35 k)5 5,5 6,5

D6 a6 3,6 Wwe 56 66

Event A = G'Lei:\:‘inﬁ Som ig mowe Yon 5
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(-e0-< Y« 100)- 9hert T No Aeal

£ P(x£-00)=0
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UNIT 111
Multiple Random Variables and Operations on Multiple Random Variables

Multiple Random Variables:

Joint Distribution Function and Properties

Joint density Function and Properties

Marginal Distribution and density Functions

Conditional Distribution and density Functions

Statistical Independence

Distribution and density functions of Sum of Two Random Variables

Operations on Multiple Random Variables:

Expected Value of a Function of Random Variables

Joint Moments about the Origin

Joint Central Moments

Joint Characteristic Functions

Jointly Gaussian Random Variables: Two Random Variables case
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MULTIPLE RANDOM VARIABLES
Multiple Random Variables

In many applications we have to deal with more than two random variables. For example,
in the navigation problem, the position of a space craft is represented by three random variables
denoting the x, y and z coordinates. The noise affecting the R, G, B channels of color video may
be represented by three random variables. In such situations, it is convenient to define the vector-
valued random variables where each component of the vector is a random variable.

In this lecture, we extend the concepts of joint random variables to the case of multiple
random variables. A generalized analysis will be presented for random variables defined on the
same sample space.

Examplel: Suppose we are interested in studying the height and weight of the students in a
class. We can define the joint RV (X,Y) where X represents height and Y represents the
weight.

Example 2 Suppose in a communication system X is the transmitted signal and Y is the
corresponding noisy received signal. Then (X,Y) is a joint random variable.

Joint Probability Distribution Function:

Recall the definition of the distribution of a single random variable. The event X <x} was used

to define the probability distribution function Fy (%). Given Fy (%), we can find the probability of any
event involving the random variable. Similarly, for two random variables * and Y, the event
{X <X Y <y}={X < x}n{Y <y} is considered as the representative event.

The probability P{X <x,Y <y} V(x,y) € ?is called the joint distribution function of the
random variables x and Y and denoted by F, , (X,Y).

Properties of Joint Probability Distribution Function:

The joint CDF satisfies the following properties:
1. Fx(X)=Fxv(x,2) , for any x (marginal CDF of X);
Proof:
{X = xF={X = xF LY =< +oco}
SE ) =PHEX =x3)=P(HX =Xx,Y =o0}) = F,, (X, +0)

Similarly F, (y) = Fy, (0, y).

Fy(y)=Fxv(,y), for any y (marginal CDF of Y);

ny(oo,oo)ZI;

Fxy(—,y)=Fxy(x,—0)=0;

P(x1<X<x2,y1<Y<y2)= Fxv(x2,y2)—Fxv(x1,y2)—Fxy(x2,y1)+Fxv(x1,yl);
if X and Y are independent, then Fxy(X,y)=Fx(X)Fy(y)

Foy (%0 1) <Fey (%, Y,) if X <x, and y, <,

Proof:

No ok owd

(@)
D




Ifx, <x, and y, <Y,,

] X <x, Y <ye{X<x,Y<y,}

L PIX <X, Y <Y FSPIX<x,,Y <y}
S Py (1) < By (%2, 95)

Examplel:

Consider two jointly distributed random variables X and Y with the joint CDF
—2X _
vay(x,y):{él—e Yl-e) x=0,y>0

otherwise

(@) Find the marginal CDFs
(b) Find the probability P{1< X <2, 1<Y <2}

Solution:
i 1-e® x>0
Fx (X) = lim FX,Y (X’ Y) =
y—® 0 elsewhere
@ Lo A
) —e >
R () = lim Fyy (%, y) = 0
X0 0 elsewhere
(b)

P{l< X <2, 1<Y<2}=F,,(2,2)+F,, L) -F,1L2)-F, (21

=(l-el-eH+1-e)1-e)-1-eH)1-e?)-(1-e*)(1-eT)
=0.0272

Jointly distributed discrete random variables

If Xand Yare two discrete random variables defined on the same probability space
(S,F,P) such that X takes values from the countable subset R, and Y takes values from the

countable subset R, .Then the joint random variable (X,Y) can take values from the countable subset in
Ry xR,. The joint random variable (X,Y)is completely specified by their joint probability mass
function
Pyy (X Y) =P{s| X(s) =xY(s) =y}, V(X,y)eR, xR,.
Given py , (X,Y), we can determine other probabilities involving the random variables X and Y.
Remark
® Dyy (x,y)=0for (x,y) ¢ Rx x RY

° PS> px,y(xiy)zl

(X, y)e Ry xRy
This is because

> X px,Y(X,y)=P(( U {xvy}

(x,¥)e Ry xRy X,Y)eRy xRy
=P(Ry xR,)
=P{s| (X(3),Y(s)) € (R, xR,)}
=P(S) =1

o
N




« Marginal Probability Mass Functions: The probability mass functions Px () and
P« (¥) are obtained from the joint probability mass function as follows

Py (x) =P{X =x3UR,
:yg Px v (X, Y)

and similarly
P (Y)= 2 Pxy (%)

These probability mass functions Px (X) and Pv(¥) obtained from the joint probability mass
functions are called marginal probability mass functions.

Example Consider the random variables XandY with the joint probability mass function as
tabulated in Table . The marginal probabilities are as shown in the last column and the last row

\o 1 2
Y

0 0.25 0.1 0.15
0.14 0.35 0.01
Py (X) 0.39 0.45

Joint Probability Density Function

If X andYare two continuous random variables and their joint distribution function is continuous
inboth X and y, then we can define joint probability density function f, | (x, y) by

2
fry(Xy)= o Fy v (X, y), provided it exists.

OXoy
Clearly F, (X, y) = | | f,,(u,v)dvdu

Properties of Joint Probability Density Function:

fy v (X, y) is always a non-negative quantity. That is,

fiy (X y)20 V(xy)el ?
[] fX,Y (x,y)dxdy =1

—00 —00

Marginal probability density functions can be defined as

fx(z) = f fxv(z,y)dy, forallz,

f}-{y}=[ fxv(z,y)dz, forally.

The probability of any Borel set B can be obtained by
P(B) = .U fX,Y (X, y)dXdy

(x,y)eB

oo
N




Marginal Distribution and density Functions:

The probability distribution functions of random variables X and Y obtained from joint
distribution function is called ad marginal distribution functions. i.e.
Fx(X)=Fxv(x,2) , for any x (marginal CDF of X);

Proof:
{X = xF =X = xF{Y < +oo}
SR =PHEX =x3)=P(HX =Xx,Y =0}) = F,, (X, +0)

Similarly F, (y) = F,, (o0, Y).

The marginal density functions f, (x)and f,(y) of two joint RVs X andY are given by the
derivatives of the corresponding marginal distribution functions. Thus
fx (X) =5 Fx ()
= % Fx (X, )
X

=4 (] fyy(u, y)dy)du

—00 —0o0
[e'e}

= j fx v (X, y)dy

and similarly £, (y) = | fy (x y)dx

The marginal CDF and pdf are same as the CDF and pdf of the concerned single random variable. The
marginal term simply refers that it is derived from the corresponding joint distribution or density function
of two or more jointly random variables.

Example2: The joint density function f, , (X, y) in the previous example is

2

0
fX,Y (X' Y) = 6x6y Fx,v (X, Y)
0’ 2
= 1-e“*)1-¢e7)] x=0,y>0
Aoy me e x=0y
=2e%e”’ x=0,y>0
Example3: The joint pdf of two random variables X and Y are given by
fry(Xy)=cxy 0<x<2, 0<y<?2
=0 otherwise
(i) Find c.

(ii) Find Fx,(Xy)
(i)  Find fx(X) and fy (y).
(iv)  What is the probability P(0<X <1,0<Y <1)?

(0 0]
w




J._O:O .[_O:O fy Y (%, y)dydx = CJ.OZ '[02 xydydx

1
Lc==
4
1 ¢y px
Foy (X Y) = Zfoy IO uvdudv
X2 y2
16

2
fx(x):j%dyOSySZ
0

0<y<2

X
2
Similarly

fY(y):% 0<y<2

P(0< X <1,0<Y <]
= I:x R (1: 1)+ Fx Y (0, 0) - Fx Y (0,1) 3 Fx K% (1: 0)
=1 0-0-0
16
1

16

Conditional Distribution and Density functions

We discussed conditional probability in an earlier lecture. For two events A and B with P(B) =0, the
conditional probability P(A/B)was defined as
P(Am B)

P(A/B)= P(B)

Clearly, the conditional probability can be defined on events involving a random variable X.

Conditional distribution function

Consider the event {X Sx} and any event B involving the random variable X. The conditional
distribution function of X given B is defined as

Fy (x/B)=P[{X <x}/B]
_Pl{X=xjnB]

P(B)
Properties of Conditional distribution function

P(B)#0

We can verify that F, (x/ B) satisfies all the properties of the distribution function. Particularly.
e F, (—oo/ B) =0 and F, (oo/ B) =1.
« 0<F (x/B)<1

(09)
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e F, (x/B) is anon-decreasing function of x.
P({x < X <x,}/B) = PX <x,}/B)— P{X < x}/B)
=F (%, /B)-F, (% /B)

Conditional density function
In a similar manner, we can define the conditional density function f, (x/B)of the random variable X
given the event B as

fy (x/B):%FX (x/B)

Properties of Conditional density function:

All the properties of the pdf applies to the conditional pdf and we can easily show that
o fX(X/B)ZO

o [ (x/B)dx=F,(/B)=1

o F (x/B)= [ f, (u/B)u

P({x <X <x,}/B)=F,(x,/B)—F, (x/B)

:T f, (x/B)dx

Let (X, Y) be a discrete bivariate random vector with joint pmf f(x, y) and marginal pmfs fx(x) and
fv (y). For any x such that P(X = x) = fx(x) > 0, the conditional pmf of Y given that X = x is the function
of y denoted by f(y|x) and defined by
f(ylz) = P(Y = y|X =) = L1228
fx(x)

For any y such that P(Y =y) = fy (y) > 0, the conditional pmf of X given that Y =y is the function of x
denoted by f(x|y) and defined by

flaly) = P(X = a|Y = y) = L&:Y).
Frly)

Example 1: Suppose X is a random variable with the distribution function F, (x). DefineB={X <b}.

Then

£, (x/B)= TUX=

Case 1: x<b

op
(@)}




Fe (X/B) = ({X S;(X (f;ix <b})
_ P({X <x}) _F(x)
Fe(b)  F(b)
d F(x)_ fx(x)
And f, (x/B)=& x(b)= T, (b)
Case 2: x>b
oL
_P(x<x) _F(b) _,
Fe(b)  Fc(b)

and f, (X/B):%F>< (x/B)=0

F, (x/B) and f, (x/B)are plotted in the following figures.

F, (x/B)

L

Fy (%)

(00}
D




£ (x/B)

fx (%)

=

Example 2 Suppose X is a random variable with the distribution function F, (x)and B={X >b}.

Then
F. (x/B)= P({XPS(Q“B)
P({X <x}n{X >b})
P{X >b}
P({X <x}n{X >b})
1-F, (b)
For X< Db, {X <x}{X >Db}=¢. Therefore,

F (x/B)=0 x<b
For X > D, {X <x}~{X >b}={b< X <x} Therefore,
P({b<X <x})

Fy (x/B)=

1-F, (b)
\ Fx (X)_ Fx (b)
1- I:x (b)
Thus,
0 x<hb
Fy (x/B) =1 Fx (x) =P« (b) otherwise

I:X
1- Fx (b)
The corresponding pdf is given by

~

(0 0]




X<b
fy (x/B)=1 fx(x) otherwise
1- Fx (b)

Example 3 The joint density of X and Y is given by

15 :

f(z, fﬂ={3m[? T —y) D<r<l0<y<1,
0 otherwise

Compute the condition density of X, given that ¥ =y, where (0 <y < 1.

Solution For 0 <z < 1,0 < y < 1, we have

_ flzy)  flr,y)
fx(el) = frly) [0 flzy) de

2=z -y)  T2-=x

n]l (2 -z —y)dr B

y) 6z(2-=x
u -

y)
5% 1-3y

(0 0]
oo




Example4:

Let the contimuous random vector (X, Y) have joint pdf
flo,y)=¢¥ 0<z<y<oc.
The marginal of X is
O O
fa) = [ sy = [ evig= oz
o — L 4

Thus, marginally, X has an exponential distribution. The conditional distribution of ¥ 1s

-I'_' il s :-_I.ﬁr_-r::l 'f - =
T, =% — € o Y =T,

Sluie) = J}( {:J] -
JA = =0, fy <z

op
({0




Conditional Probability Distribution Function

Consider two continuous jointly random variables X and ¥ with the joint probability

distribution function Fry(xy) We are interested to find the conditional distribution function of
one of the random variables on the condition of a particular value of the other random variable.

We cannot define the conditional distribution function of the random variable ¥ on the

condition of the event £ = XJ by the relation

F o (ypfn=P¥=ylX=x
YiX

_P¥=yX=x)
PX=x

as P& =2=0 iy the above expression. The conditional distribution function is defined in the
limiting sense as follows:

Foo(wan=lm, PY¥EylxcX 2x+hx)
YiX

Py x <X Sx+ ix)
Plre X x4+ hx)

=lim x—310)

T foor (x i)k

:1 w

T oy (r )
T &

J.li f:r:,r (% 14 )edns

T

Conditional Probability Density Function

is called the conditional probability density function of
given f}’;z(}’fX:x)=wa(.y’(x) i

X
Let us define the conditional distribution function .

The conditional density is defined in the limiting sense as follows
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Frog Ot X = x) =lim o (Fy (7 + 2yl X = 7) — By 0/ X = x) 1 Ay
S Jpx A = = g o Py (A A A Lxt ) - Ry I x X S xr A Ay

Because, (4 =X) =lim, o (x < X < x+Ax)

The right hand side of the highlighted equation is

Ly g sy (O DT X X x4 %) = Py (0 2 <X < x+ Ax)l Ay
=lmyy g o (Pl <V 2 y+ Aylx < X x4+ Ax)) Ay
=hmy, g g Py <V Sy+ iy x <X Sx+ Ax) I P(x< X Sx+ Amiy

= hm.ﬂy—}ﬂ..ﬂx—}lﬁl Fyp (X Y)Axipd fo (x)Axhy
= frr(x ) fx(x)

L xR = Py (2 p) i)

Similarly we have

Ll xRV = fep () B0

2
Two random variables are statistically independent if for all (xy) el

Trxyin= 1)

or equivalently

Jrrxy)= fx (A fry)

Example 2 X and Y are two jointly random variables with the joint pdf given by

Frplx )=k for 0Lz <1

= [ otherwise

find,

(a) &
(b)fx (%) and F (¥)

(a) Fxlxly)

Solution:
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r L Vdydx =1
Since ‘[-‘ifx'Y(x »bx

We get
1
kx—xlxl=1
2
=pike=12
S fxry(xy)=2 for0Lxllasy<x

= () otherwise

Jx(x)= Ifx,y(X,}’)d}’ = 2{!'0?)’ =2x
© 1

F0) = [ fr(ry)dx = 2[dx = 2(1-5)
o y

Independent Random Variables (or) Statistical Independence

Let and be two random variables characterized by the joint distribution function
X F
Fyy(xy)=P(X<xY <)

_ 3¢
and the corresponding joint density function Fxx(%7) = g Fay (5.5)

Then yand ¥ are independent if ¥{x,y) € R?, {X £xyand {¥ £ ¥} are independent events.
Thus,
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Fow(xy)=F{X 2z 2y}
=P{F L x}PY <)
= Fy (x) 5y ()

_ ajFx,y(?f:P)
dxdy
-2 A Q)
dx d

= Falx) )

'I'f;{_}'(xsy) = fx{x}fy@)

-'-fx.}'(?f,y:'

and equivalently Jrx(0) =70
Density function of Sum of Two Random Variables:

We are often interested in finding out the probability density function of a function of two or
more RVs. Following are a few examples.

 The received signal by a communication receiver is given by

Z2=K+7
where £ is received signal which is the superposition of the message signal £ and the noise .

X /+“\b z

T

* The frequently applied operations on communication signals like modulation,
demodulation, correlation etc. involve multiplication of two signals in the form Z = XY.

We have to know about the probability distribution of £ in any analysis of Z . More formally,

given two random variables X and Y with joint probability density function Frx (%) and a

Z=g(X.7)

function *we have to find Sz 'IZ:' .

In this lecture, we shall address this problem.
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2 2
We consider the transformation £ & — R

Consider the event {Z <z}

D B onthat 22 ={(x¥) e(xy) <2}

corresponding to each z. We can find a variable subset

A\ 4

Figure 1
SR (2)=PUZ <z
= P{(x2)I(xy)e i)
= J;[ Jxy (X’)’) dydx

(xJ

dFy (z)

and f; (z) =
Probability density functionof Z=X+Y .

Consider Figure 2
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Figure 2

We have
&4z
e A T e

Ly

Therefore, is the colored region in the Figure

S By (z)= I;L; Sxy (%) dxdy

(=¥

1
B, B e, B e, B

j Fay (% y)dy] i

. ;
If:'f.lf (x4 - x)du [dx  substituting y =u -x

Ifx.y (%0 -x)dx|du interchanging the order of integration

S Sy (z) = % } j‘fx‘y i ~ x)dx] du

= }fz.}' (xu-x)dx

L falz)= T Sry{mu—x)dx
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OPERATIONS ON MULTIPLE RANDOM VARIABLES

Expected Values of Functions of Random Variables

Introduction:

In this Part of Unit we will see the concepts of expectation such as mean, variance, moments,
characteristic function, Moment generating function on Multiple Random variables. We are already
familiar with same operations on Single Random variable. This can be used as basic for our topics
we are going to see on multiple random variables.

Function of joint random variables:

If g(x,y) is a function of two random variables X and Y with joint density function fxy(x,y) then the
expected value of the function g(x,y) is given as

g =E[g(x.y)] or
g =1 " 9 Y)f gyeyaxay

Similarly, for N Random variables X1, X2, . . . Xn With joint density function fxi,x2, . . . Xn(xg,x2, . . .
xn), the expected value of the function g(x1,x2, . . . xn) is given as

9= L ataxe,. . ) f iy, .y GX20%z - dxy

Y1x2, . xy

Properties :
The properties of E(X) for continuous random variables are the same as for discrete ones:
1. If X and Y are random variables on a sample space Q
then E(X + Y ) = E(X) + E(Y ). (linearity I)

2. Ifaand b are constants then E(aX + b) =aE(X) + b.

0
D




i EY =Eg(X)= 2 g(0)py(x)
If I =gld) is a function of a discrete random variable A, then e Ry %

Suppose Z=g(4.T) is a function of continuous random variables & and ¥ then the
expected value of Z is given by

EZ = Bg(X.y) = | 25 (2)dz

-

= [ 1 2o fay(xy)dndy

Thus £Z can be computed without explicitly determining Jz2)

We can establish the above result as follows.

Suppose Z = 8(X.¥) has M roots (Vi 171285t Z =2 Then

b

(2K Z L z+ L) =U{(7g,yi)e£@,-}
ial
Where

A0 s the differential region containing (%4 The mapping is illustrated in Figure 1
forz=73,

{z «Z =z+ 4z}

AD,

Figure 1
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Note that

Pz Zsz+ b)) = fr(Dhe= D fry(xun)indy,
(% ¥l

Lafp@le = Dy (x.y)ixby,

(%) )en)

= > g(xm.y) fxr G ) A%y,

(X} )enD)

As Z is varied over the entire £ axis, the corresponding (non-overlapping) differential regions
in X — I plane cover the entire plane.

w

" 2@z = | ] e ay(xy)dudy

-0

Thus,

Bg(X.y) = | | g(xy) fuy (ry)dady

If £ =&(&. 1) is a function of discrete random variables & and ¥ , we can similarly show that

EZ=Eg(X. )= 2 2gx))pxy(xy)

XJYeR xRy

Example 1 The joint pdf of two random variables and ¥ js given by

fz,y(X,y)=%xy 0£x£2, 0{yL2

=0 otherwise
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e X2
Find the joint expectation of &(&,¥)=&°Y

Eg(X ¥Y=EX*Y
= T T 2(xy) fyp(x,)dxdy

- =0

12 2
= —j'x3dx_[y2dy
44 0

Example 2 If Z=aX +bY, wherea and & are constants, then

BZ = gRY¥ + hEY
Proof:
EZ = [ [ (ax+by) fyy(x.y)dudy
= | [ axfyy(x.y)dudy + [ [ &yfyy(x,y)dxdy

= [ax | fyyxy)dydx+ [ By [ fyy(x,y)dxdy

-

= a [ 2 (Ddx+b | fy )y
= aqBX +bEY

Thus, expectation is a linear operator.
Example 3

Consider the discrete random variables X and ¥ discussed in Example 4 in lecture 18.The
joint probability mass function of the random variables are tabulated in Table . Find the joint

expectation of £(.¥)= XY
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\3’\ 0 I 2|
v

o foz2s o1 | 015 | 03
1 [o1s 035 [ oo [ 03
py(x) | 038 D045 | 0716

Clearly, EXY = ¥ T g Y)pyy(x,y)

JE,J'ER;HE,'
=1=x1x0354+1x2=0.01
=037

Remark

(1) We have earlier shown that expectation is a linear operator. We can generally write

Blayg (X, 1) +ayg, (X, V)] =a Bg (X, 7) +a,Bg,(X.T)

Thus E(XY +5log, XY) = EXY +5Elog, XY

(2) If X and ¥ are independent random variables and §¢5- %2 = & (X1&.(¥D then

Eg(X,Y)= Eg (X)gz &)

- T 1 & (g, @) Sy (x )

-3 -3

- 1 1 a(D)g @) fr(x) fy (dxdy

-3 -3

= [ ) (@dx | £, )y
= BEg (X)Eg,(¥)

Joint Moments of Random Variables

Just like the moments of a random variable provide a summary description of the random
variable, so also the joint moments provide summary description of two random variables. For

two continuous random variables X and ¥ | the joint moment of order #* 2 is defined as
EXTY )= [ [ XYy (xy)dxdy

And the joint central moment of order #+ s defined as
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B(X— g W - ) = | (5= e (v 1y Fi (., y)dy

=0 =0

where #xz=EXgnd #y=EF

Remark

(1) If X and ¥ are discrete random variables, the joint expectation of order # and 2 is
defined as

EQX™Y)= T EXY'pxy(%Y)

(xR
EX-py "V -y)' = 3 Zx-py) (= py) 2z y(xy)
(XJ’)CR,Y;

(2) If m =1and = =1, we have the second-order moment of the random variables
& and ¥ given by

w0 w

[ [ %0y (x y)dady 1f X and ¥ are continuous
E(Xy)= — —0

¥ ZApyrxy) if X and ¥ are discrete
(xR ‘

(3) If X and ¥ are independent, &Y} = ZXEY

Covariance of two random variables

The covariance of two random variables X and ¥ s defined as

Cov(X 1) = ECX - g X¥ - pty)

Cov(X, Y) is also denoted as TRE,

Expanding the right-hand side, we get

Cov(E, 1) = B(X - ux )T - pir)
= B(XY - py X = pyY + iy jiy)
= BXY - jy BX - py BY + piy iy
= BXY - piy py

Cov( X,
pm =D | 3
The ratio xSy s called the correlation coefficient.
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If @z 7 ¥ then X and ¥ are called positively correlated.
If xx <0 then X and ¥ are called negatively correlated
If @2 = Uthen X and ¥ are uncorrelated.

We will also show that e, D] 1. To establish the relation, we prove the following result:

For two random variables X and ¥ & (X¥) < BX’ BV
Proof:

Consider the random variable # =aX +F

EaX +7)? 20
= @?EX* + BV 42qBXY 20,

Non-negativity of the left-hand side implies that its minimum also must be nonnegative.

For the minimum value,

dEZ* EXY
=0l=a=-—%
da BX
so the corresponding minimum is

B xy B xy
—+ BV -2
EX EX
N By
Ex?

Since the minimum is nonnegative,
E'XY

EX

= B'XV < EX'EY’

= |exy|<~EX" ET

Now

EV? 20
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_ Cov(E,T)

AR oxOY
_ ECX - py )Y - py)
BT - i) B - )’
otz 1| - 2 E T )

JET - u) BT - )’
B - ) BT - '

LSBT ) B - )
=1

Thus JOCED] <1

Uncorrelated random variables
Two random variables X and ¥ are called uncorrelated if

Covi& I)=10

which al so means

E(XY ) =iz ily
Recall that if X and ¥ are independent random variables, then 7x¥ & ¥)=fx(x).fr (%)

EXY = T T Wy (% Yidady assuming X and ¥ oare confinuous
= [ | iy () dy (lddndy

- [ wetidx T v )y
then = BYRY

Thus two independent random variables are always uncorrelated.

Note that independence implies uncorrelated. But uncorrelated generally does not imply
independence (except for jointly Gaussian random variables).

Joint Characteristic Functions of Two Random Variables

The joint characteristic function of two random variables X and Y is defined by
Gy 7 (@, ) = B0

If X and I are jointly continuous random variables, then
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'Q}X.}r I:(ﬁl, &Jz:l = I ‘I‘ fx-}r (x’y)e.h:lxh?.ﬁydydx

Note that Py (@, @) is same as the two-dimensional Fourier transform with the basis function

a Joak+ Jon ¥
instead of

E.—i.r'c-um'mm _

Jxx(%.¥) s related to the joint characteristic function by the Fourier inversion formula

l L= ] » x_.
Jay(®) =z [ [ el @)e ™V dad e

If A and ¥ are discrete random variables, we can define the joint characteristic function in terms
of the joint probability mass function as follows:

ﬂﬁ'x_}r {95’1, &3;.:' = Z pr‘y (x,y}gj"ﬂ”j‘"’y
(X} R

Properties of the Joint Characteristic Function

The joint characteristic function has properties similar to the properties of the chacteristic
function of a single random variable. We can easily establish the following properties:

1. Py () = gy y (@, 0]
o & (@) =gy (0, @)

3. If A and I are independent random variables, then

Q?X,}"{ml’ mg:l = E@'}-“"X*'J“‘!H
- E(é,.i"f-‘u-"fé..i"vzi')
= Eé..i"ﬂlzﬂ"éﬁ’e?

= gy (@ )y ()

4. \We have,
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Py y (@, @) = Fguied

a . 2
=E(1+j&ﬁX+jm2F+M+ .............. )
23 2 ] 2
SR %231"

=1+ j@BX + ja BY +
Hence,
By 0.0)=1

1 4
B =——— gy, an)
Jia

3y =1

14
BY = ——— iy, )
Jdm

2, =0

1 8%, (e, @)
Xy = =& 2 2

J dadae

o =, =0
In general, the (2 + 1)t order joint moment is given by

1 &y (@, @)

SM+Y

EX™YY = S
J day o ay,

Al cagmll

Example 2 The joint characteristic function of the jointly Gaussian random variables £ and
¥ with the joint pdf

1
2': 1‘Pr,r:|

SR

meg}f-\ﬁ _p?::.}'

fz&"ﬁﬂﬁ}f} -£

Let us recall the characteristic function of a Gaussian random variable

X Nty 05
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b (o3 = 5o

2

1=
= .
= p A5 Py
Rroy .
w1 TER gy e XM - i 0y =T ) P g
_ ; J‘e 2 oy o
oy .,
1 (—erga?+d pagarfel - _l[?f—m—r?}.r'v]i
=gt F .
:\HEJTJX % .
Areuunirwuﬁmssim
g

=€ij:.=—axm .fzx-l
_ E,.:.g}_._;-'u-a'}gmg F]
If £ and I is jointly Gaussian,

1
Etl'Pylrj

SRR EE]

2mXJ}"Jl - -'Di',}’

fx.}'(xry:' =Z

we can similarly show that

Py y (@, @) = Eelt*4 m;?:'

. o
A iy =T O 42 o g i 4T |

We can use the joint characteristic functions to simplify the probabilistic analysis as illustrated
on next page:
Jointly Gaussian Random Variables
Many practically occurring random variables are modeled as jointly Gaussian random variables.
For example, noise samples at different instants in the communication system are modeled as

jointly Gaussian random variables.

Two random variables & and ¥ are called jointly Gaussian if their joint probability density

Uiy B o iy i) (g P
| T fi s
P I BT

= 00 €0, 0 o0
Sz y) Wﬂxﬂy T ; X0, Loy
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The joint pdf is determined by 5 parameters

e means Hr aduy
) -
e variances “x M&Cy

« correlation coefficient “X.¥

We denote the jointly Gaussian random variables £ and I with these parameters as
(K1)~ N(pty. ty. 03, 0%, Oy )

The joint pdf has a bell shape centered at ““x+£xJ as shown in the Figure 1 below. The

2 2
variances X 9 S¥ determine the spread of the pdf surface and “&.F determines the orientation
of the surface in the £ — ¥ plane.

Fid
feyfeyl

Figure 1 Jointly Gaussian PDF surface

Properties of jointly Gaussian random variables

(1) If £and I are jointly Gaussian, then & and I are both Gaussian.
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We have

Fe@ = [ oy (x)y

o [ (X—wy!}*—»yu)wy)g]
= 1 o M| % X%y “f dy
_oozm_xﬂ'y 3 ¥
frmg | Hatee? P ) Doy P
—e X7 WA % TE WL
Ty 2, VEaoy -y Y
1fx-py - # (}‘_}‘y _P_x‘}r“}:(x‘)‘_x)
_e "X .[ 1 2e4({1-p% y) Ty dy
LD —ooqu_m‘y‘ll“,O%y
i | ""“x]g
a
=._.1 X
mﬂ'_xe
Similarly
2
1[y-,uy]
Oy

2
5L 0) = e

(2) The converse of the above result is not true. If each of ¥ and ¥ is Gaussian, X and ¥ are
not necessarily jointly Gaussian. Suppose

il

ﬂ’r

Sy (xy)= gmlw,’_e ](l +sin xsin y)

Fxr(®2) in this example is non-Gaussian and qualifies to be a joint pdf. Because,

fx,y(x:)’) 2 OAnd
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T " ot

i [ra—u,,rJi+r:‘-—JJ,—J":|
T I+ sin xsin W idvdx

W

1
I Izmxrrg
-0 =0

wow 1 r"‘_"'}(]lz_i_""_J"f':'.2 m oo _1 r"“_"'}(':'-2 ”'_J"F]?

= i BT ddvdn + L, U F G rsin vdydx
‘l“_l‘ L y ‘r‘l‘ﬁmyﬁr _}" y
o A A L

o=t . re-n 3

"o
- 1 E. .
[ J‘e sin xdx Ié sin y v

o
l—v—)
e gration of an odd imction

=1+0

=1

The marginal density 2 i given by

- . [r.’-—.llqu*_ly—ﬂ,-]‘:]
_
= 1 & & - :
Fela) = Imé {1+ sin xsin yidy
—
ra-%:f’ rs:-#]é i e T
_m 1 _%[ wy ¥ Fr ]d +D 1 tf"""fsr'.!'][ o oF : :
J'me fy J'me sin xsin v
- - intezration of Anodd finetion
i
I[N—M,]
] -
=_1 X +
rorrd ]
2
)
1 2 ¥
IFA.-
2
o (—v '-“y]
~ a-}r IS

-1
Similarly, () Ty ©

Thus & and ¥ are both Gaussian, but not jointly Gaussian.

Z given by Z = aX +5Y is Gaussian with mean #z = %Hx * & and variance
Oy =i, By + 2abeay by v

uncorrelated (Oxy =0) .Observe that if £ and &re uncorrelated, then
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(3) If £and ¥ are jointly Gaussian, then for any constants #and & the random variable

(4) Two jointly Gaussian RVs £ and fare independent if and only if & and are




-1

(g 12_'_(}'-@12
1 X ¥
Far(5Y) = mmm €

ix—px:lg l:J-".H-}r:'z
D Bl U
-..I'ﬁ?ra'f 2 Oy
= fr(x) e ()

Example 1 Suppose X and Y are two jointly-Gaussian 0-mean random variables with variances
of 1 and 4 respectively and a covariance of 1. Find the joint PDF Jfxy(x.})

piy= iy =0,0% =1, a3 = dand coV(X,¥) =1
Cov(X.,T) 1 _1
T ooyay  1x2 2

Pyr

and

= 1
I XY (x,») m g
1
= 2
We have 2.5

2

lited

Example 2 Linear transformation of two random variables

Suppose £ =aX + &Y then

&, (@) = BEe’*? = E1F° = ¢ (a@,ba)

If A and I are jointly Gaussian, then

Pz (@) = &y yla@, ba)

. 1
ei()"ﬁ!"")ﬂ":'9‘5':02‘52x+2ﬂx.7°b°'x"r +i0d jwt

Which is the characteristic function of a Gaussian random variable
With mean sz - iy + 4 and variance oa = oy +2ey yo 4oy +0;

thus the linear transformation of two Gaussian random variables is a Gaussian random
variable

110




o 2
gf)/ ‘3;")’ wnlf TV , |
b, proceors — Jompoal chooclority
h\«rl(mw }’W Co fﬁfﬁf‘/ © A 1 Y)’,’jrfff) VO”;)” [’1/9 R /
A\ A ALAA N
o '((\_\\’)C““?(Yn C{J I’/u /”13".(;’L>/0 nuﬂ Carnis, [4) & 'éﬁ v !
‘.exf»e»‘%‘m,pn(’. [ |
e Hhe yandomn }JYorc)A e kecorney ay o AU
fé lolh < onJ { ) |
0 7@ Woo |
21 oHer am[&aﬁ can say that o e FuncHon |
X(,3) +o éVCU ad come s
Q
The Qm?[j % SU(’A ﬂQnC}aam Aﬂnﬁcj ) (s B o |
CGMOJ.O& 'rancJam /770(‘%' | |
hone. xS Fllﬁa’éﬁz%-g}ec?cvaﬂwé*“x' l
vardom voflabley . :
!

Scanned by CamScénner



B §

ozs[ [1r
| @w\'m@j dj’ #{o(cw’;oﬁ-—

NW\% . memzwb lo chSfGOZ mno[cm |
f?rocmon actm’o[»gj fo fu CAOW;? 7%)7() o
" and random uiiablo .
3{.,X$X(&fak90~ﬁhuféﬂ |
'&3&&icm#h.w$@5%’1mdfaﬁ&%4
CINAO% Haxe /'m)G@ ooy - —00 s X 4% ard —o2
'hcmﬁm&@5Ym&m7%mm%’ | |

|
l
|

R S

gﬁ X o T G oxnol F ocan hae o C}j

CmﬁmngwmuswaﬂﬁuamMAacmﬁwyj
Zgl' 7'}\1le ise emva/éz{ E Wer V&L%LLQ
bk A k (

|
?
! N r‘,-' ’ K :
{ \\ ,_,,"-/ ./},_\ .
5 R%: o v = ‘ ey 1
\ PN, T '\
| ’
i / e \’\/'/-' \
J\v’« - >
1(6 4 N~ ¢
} .
' / ’,‘\_’/- {
LAl A s ) z:\/ ¢ O W Sl Y
. "y ’ ¢
: |
v |
§ 7 e P
/ 8
5 NN i~ A
e k

Scanned by CamScanner



 bou 1
Vico. !
- =

oy

p, sc Y(’JI P@n&m }’YD( CM -

,./\/\/‘-'\_/\_MMM

5 A Blacredr vordom )710
| corepords, o Rondor wioble
i cLﬂcvefi vali (,)LLQQ S confooss

..-

4 -

ceo Ub5 s O

Tageh

L.—.—... iy

‘foﬁo

N

. A mrblom )JYUC% gf wi“-[‘ X “j Cﬁm(?nuct:j
'_‘ ovd ' })04 mﬁ/ cL:,CYe/& vaﬂnﬂ W coﬂgi CW)J?

Yo ndgm sequance.

~.,m

o

Il(

..\'...,,__.‘_,,....-r.-l.-]-ll1_‘1;1;1;1;1'_1_1;-__-1__ }

i1

)zal \.‘E.’Zt.v.zni’c L

Ropee

Eod

v Ui e e =l

:r_-. _}' :

| i

! ‘ ~
_.i.,..‘-- 1 : i )
-] T

x|

w_.-a@; y vl

|
|
f
I
l
1
:
z
|
|
!
i
l

i
!

s TR

~ Scanned by CamScanner



u) . D(:)&Yeh

PN VL S A

A yandom })'0
ard. k' hoy C&C‘re/&

Yordom Guence..

bardom  sequeerce -

A S—

e B A A e ———- T T T T -

cos for oh % & ok
wolae 33) callnd A,&CYE/(I,

Tel e e o9 l [ "o ¢ ¢ & !;"“
1A O R RS
e 1 QT
ol c
:T—ﬂ § IUJUJ p TIlld
i&"“l , 1] \:Ll - 11 ltf{“,:’]i “UTIUT
RN EREE s,LLil_‘LJ ‘




Voo l?

Shilfraty and nL;m?J;,,@( il todeherdanre)

‘A, \-'\-\v\-lm vy 1}7 yor© P)\ 1\?(‘-("7'7‘1(’ 3 1 WUY)CJ("I?)

-~

uibb (e \\l\c v hme eod 1 e-, ol conu f“’*pfuja,q_ ‘

£7 -
L RN
X = X(V)

\

|

—

The mnl(‘m vay \C\UA Cb‘i 76355’5') sl‘:\.ilﬁl'tml

:kwvg}zwdé o U dend ﬁmc%cm

37 heo ov vove yordom vamably ar‘inslue, ol |
Hose procenses, sheuld be dmwe ok foo Bme mglanb:',

(,,,, . \m,oj,{g) and HG can be sxfonded 15)/ |
LU, S cimj havefion

‘ V’C‘\'O‘.Um }WC% Y wod o ke _S,[u}."”mnij
ol - 7Hs %l proferkes dees ref chamy |
oth ;7% tHon H&;Walﬁﬂcl% S}alf
"”"”3'6'7’0 %’»’CC@,‘ /.mwr_\,e golie 5/0}707 \7 yahoen?

4
'_r'/:'( F“,‘
! o A i
§ rd

;40 ﬁﬁf? mj Drn’_o}m r[mcc r

L N s . "AA

a 3
doot ,‘Imre%e x (&Y o "/"’ﬁ' A‘u /
i " |
i ?er,c}-f‘ r-:l;; n.!' ;\‘ ”\.t 'f.’).nl’y'yr) \(\1;’(11 [ ‘]’lnl)'*
| x(h) 26, ), CxX(tn) ¢
| \ a
fm,n;r’rzlp.d ﬁ‘ H&C‘ j)m]) y[t& ) ‘f [‘) /ﬂn)

R
o ————— A ST

Scanned by CamScanner



G oy chice o bk d ]t
\,nclc)'emloncc ch]c(rvej Yok He j .J cﬁm\@ loe

ecloval ¢ LU groups

e, &Y[xl X, 1= XN, Y 3(—-3,\4% 6o - ‘wafe 1[’)

>) "TX CK\/XL-"— X '(-‘ ,{fz," ‘z‘l\)> f\{(fﬁ,/‘jz 3Hlél I!-

L)

Il & oy ol

The wguﬁm adndl Bckon fova
mmlgm })VDC% XC{—) W 3)\/6” oy |

kv o o perfleados wlue & fme b, Mﬂo&’kéuko |
& apoSatad ealizn, qudom vaarbl X = XC4) |
S b &mf(i& oy Fx (st

IG, F)((x"é_l) PEXG’I)AZJ ‘gfaj-j

yeal nomley X,
‘gf }UDD chzlom \)o\vﬂ &b(gd

| %, = x(t) & X,=2(6) Haen HJEJML
' cﬁWLuFfm') con Le Fher oy |
f&’éxllf’k/«f) /;((71 i )2 P; x(ty )AX,,X(“')) }

J '{-;Y A m‘d} YOY({OYT) \Dmab{aj Xe ,X(( )H\Q’?
,Jr &HS;‘?EUP@W frx‘;ﬂn mn -E’grw’nc:d |

16y - R N S

Scanned by CamScanner



e o S S o . .

%@ Xy, i by - 4,,ypgx((-,)£ X, %(6) L,
o X(\Ln)/—f\j

'é”‘? +Ha clJ:DVQ éM@’mﬂ/‘!m’) ’TA,@ Om/(‘dgy\:gb
'EAV)CWCD’] cow) Le j\\/éna_i

’/\X('lt{‘\) = —Ci-— Fx (Z"/f")

fx /:l.XL)'( '(1,) F(k 7)) ' 1/)
ax,D
- oy Xy R A O X, X, -—In,
‘ (;(‘X 72 Zl/ ) DX DIL DI,,&( 1,2
| {‘l'{},'—‘ 'én) ‘

ifBvl /

RS{‘ o»’cLuL stallonomy procen’-

7 (2%t AN AN A~

A }@nofgm /Jyocm yY\ C&ML SJa‘ﬁcma\wj Sé—

%OYC{Q)\ one L7 ys CLUL d‘“"\‘"‘j 'Cmd"(m
d% rn (‘Z’\Cl\j _ OJ\% ‘l?mg

' Q
,1. e \ A - (} f"( | (‘I’\O\Y\()Q, "N "‘?m(?,
\\

PP ——

‘C ('xu{' ) - '(,x (Xu‘{' + A) 'ﬂﬁ@
157(’) 'mu;){ bo 1 ue ﬁw mCt/ ' m( m\7 'rmi

' A

C |
iwumLXY A l{ 7(4) us do be ﬂvs" 01'01»-"—* J"-‘J“mi‘/ ;
| }’mré%

% 77'1 H’\ﬂ cJﬁO\/(’ é‘f}uonfzm X/)(,/() w / /xm{m{

|

i i e

Scanned by CamScanner



ldj E, cmcl onceys 8‘} man ol EEM(HL‘}/X
:m 2 [x(ej % = congband '—"_@

= 'QV e\ mv‘dcm ocxﬂabu_ Xy avA Xy Huz yrday)
E_\t‘&’@j ouLs 30\\,9\/\05

SLPICIDES ¢
x (¢.) =P
Bla] =t

E[X({-()J = ‘F:[xl:] ':,'3(-;
E[x(6)) - £[x=%
£ [xt63] = wal wa C*;/h)‘-{xx —0Q
)

e s |

g [x[b)] - ﬁz L (.12,{)) OL)()/'*_—’—‘®

j’j (A%ﬁ A=t =t )Jc 6+A
L e[xa) s B[ x(0t D)
| from g0 g/xt ):)':P[X“'J]
‘ " g[x(w)] E["(é’“lﬂ eh vk be a
conbant becang. &84 oss orfben

m OYAML S%ﬂl’lomwm exs -

i £ fdohob‘m ')Yo(‘ e u)\ call QOL QJ'x]mm:y
60 OYclmL teoo Or(‘ Q'( S sectmcl thz,v clmféj Emch

- o

Scanned by CamScanner



— 1

| does ot CLmBL oSHy Komo_

o Bt k)= B la b wt)

«@v ot ey - %'/h"b

s Ha comvelabtm E[xi%] = E[x(é)x(b,)] #o
yardom  process ol | be a@nchmﬁf’ Lat, ond it
can be re/>/a(e Sty 4ot corelabion £k & a

mvdm }976(6% x(t)-
| 2. (v) = B{x(&): x[e,,J W\t

! e L= é-&f

yaxxc . y(e)x@.w) i
x> E[ jJ

et e . 4 St g W

% dxse,nce Sjruhvvg /%Ei% CU‘SS)/
i_sence shlion \7 ﬁﬁﬂ% J1C ‘L 50@’@5 H"L /
d\apmj T cond? ffons 2N
I e AEIx) =X ijcuvxﬂ—

2) Ry (V) = E[x(e,)x(%—n*)] h

/\l/{'xnc(’ sluw )77?%9/»/) [SSS)‘/

’Lﬂ ex '}(’n&(m )Zovt}om }DYC(’C)A Cmm/%
;;}'DNwﬁ /?am[om vav;ajplu 1€ X°*>‘(()
’ w/tw(f: ’11:3/‘”'-— M/(ZU’)IQ€ j/l/(’n ayq

Scanned by CamScanner



l

oo bocety & sl n en 9k

ayden olﬂvuyt\j l:mdwcn y m\mg@& Yo Ha

}YU') O'\Q\(_]
(7; 1.)(21 ’xn, {‘I ,{— );; chl ,1) - 9(,4,“ 1‘ +A, );i[).

4 - '(‘n"}"ll)

mv okl Vﬁmﬁ 5{7 & b -~ Pn and A

rneions })Yocew S}u)-? au WCLUH’ ES "7_' N
u._5 QC&M.Q& S‘md‘ SQUCG Sfa |

*7Qm,¢ave iA&%J&O p

l
l
|
I

!
|

1
Y
}
S

e o ey byl mzqm

/&[‘x(t)] = ™

>0 2T

7 e, . ME -Lj( 2h) &

wjum A % Qaﬂu{ 4? il avevad’e anf%y; &
O caliod voean @ He B OWQYC?L foncfom

T}uz aﬂ’}ﬁs Cowé[a mﬁ’) th’m con Lejw@rm
/?xx(v) H[z(e) :x(H’f))

"ty Ralr)= M S (f«)x[{-f'T’)AT

T->@ FES
=

i e e S et S i i i bt i e .

Scanned by CamSéénner



gl o e *

M &)ﬁ]oﬂkf ’QQerm }))0(&0 Ly CA /370(%
fhad Cﬂ(}f Sy the @lownj eo o CorrB 1A

A[y(%) = x(&))

eq X = X
sohod e S Ha e Cx\)QYt\lje vl D a »Cmcﬁmo
£ (6 avd ¥ O3 calted mear |

jg\\ RXXC\’)“’ f&kxqﬂv)g
e, E[x(H). x (o)) = AL
e X & RXXC\’) msbﬁb%(‘&l Queyag%a

'% £ Ryx CY) o feng overoges
Mean 8)’570(]4 kam!csm procert >
H\ﬂ Shﬁﬁé Ccl O\Vm%x 86 a

am/om /mm w00 equels fo Ho Fmeaverage
iy o ﬁHMAxmw%mw%w“
al/ sam}& 1410(,4 {}YOCQS x(£) w ¢, cedled
'Wan 5{‘7@[‘ #’andom}ro(ew
| ﬁ{:(f) E[xIL\)

/’()'/ l - X

i 4 to sajfj/?}s He above w{a/ﬁm o Séal/c{

A

Scanned by CamScanner



o ¥l by @ ik contunt mean % oy all

. ‘Jniuq Hﬁ x(t)
2, x(b) u(fﬁ )ﬂ/m(’lﬂf{

;.e.ggm) df |==

:,3 F ) T
P L T S x (1) dt £

-ér aﬂua/bwéé 2

T->0 T
v 7

;q s E[ ’l(&)]-—~ ny(ﬂf“)(€n!-_2—) =0

L

jcamz alwm Erojocﬂc }Ecmtlm )’YOCEM ™

| Lok ) ke a s!u{vcmcij congrxm }’xxm
‘CD:H’) avip CoTre 01{700)') wgnchcm R, (V) Hun /'l’ w (Oﬂid |
coreladion &vczcjoci fw% %- am{cMﬁ o0t
% the Bllad cam& Aoy all vidus &
e, Rt (y) 2 ﬁ{x(t) XH’H“)]
:Z/ j |
L STz(&) 2 (F+dly

= T-)0 KT
sl

j (Jf' w[f).: x(t): x(E+77) Hayy -
’ : .[w[t)] [—['xm Y[H“r)]=
} ' = Rux (V)

(J &m(‘r’) efw(t): w[h'r)]

Scanned by CamScanner



: F[x (6)-x (k) x (4 +’7J>"X(€*7J+QJ

c Efal) % (t47) 2+ "(“‘T)J
| CULUM’_ K Sy ﬁmﬂ constant ﬁom }/fwajoove
;éwapoy) Yo ﬁu"’uﬁ crveloon a@m/f(% yequines
J;YH« ovden momenks & x(t) . (
He (&Af#cm ‘gf ss seauence (k) b be
k. orehfln ewplt o oll whis® e

, N |
lr\. ‘RZ}L[N): NZJ}V | Jl(‘n)i('nm’)drg

D0 AN

\ | ¢
@ﬁb Corre[m%h!r N ’

2.5 % Ve S W, U

| Tj«i Ao\ﬁ covrelalion Procesy On Hha
coveloon gt ordem \an\o(% X, =Xx{t),
Xl;x(fz)’r bobh ane dofre ok By o8t
wspechively R (b ) =B x(4)%(6))

v b Ryx (*{); {[lx(f) -X({T’r'T)]‘
ki }’vo/éevgeé ‘ér Aoko covve lalfor @mﬁm L :

ANAS— AAAA | AACA A — A

oo, T LL mean Seuare wolue 31“)‘ Q'YCxYxJO‘fO
Cpaesy com be bt Fowy Ry () L,J st

r—— B

Scanned by CamScanner



| ' Aah Sad

P i . ’ - - ——— l

F‘ré' 5 e Rxx(\{) - £ [x(&) x(H"r)J
Ry (0) = £ [X(ED3(E+9)
- p[x(e) x(£)]
= E‘[ x"(E)\’]
Lo .
&, R&X!C\ﬂ'” Rxy ('@ 2 o
ety |

KT

RX)LC'\{) = fo(é) X(H'r)y |

Rl M= EXOUTTY ) af‘j
' _ & f-U+T
&= [x(umj-?((u)]
& [—[x[u) x(w’?)j ‘

= Rxx(‘\{) ' |

| _- Rex(= ) = Fax(9) |
i ‘ge* - Ryy GrF as melﬂtl ‘o:j u& welue ok

| ng}:n |

% -, [‘F’:n\x('*'))é Exx'(?)
@ R £ [x(e)4xCE )T‘?O '
FL m)]u (f J] ae{x.(a)x(‘* 7]

0 Lol A g o= s S s et o Mmooy -

e e

Scanned by CamScanner



o ——

F[)(l(k)j'}f[y)‘({” )]'f‘ &Rxx(w)70

2)e R a};zxx(w')lv 0

R,{,{ ('\t) 7 E[X ('h):}

wx (002 kMC@ gmﬂ}?YO}Wzy @J ‘

:i(e’v, o by 2= XD whar XB&
‘Y[é) o kmlm oncem then ;eﬁcv)p Roux (¥)3
R (Y)+ Ry (T)H Ry ) ‘ ;
:)%Eé“?r e knou)%f | ' %
. wa) g[%@) %(H’I‘)J

( %Cb*ﬁaj
T yxif ) YD)
“93

o(F+7) = E %({'—H’)—%Y (bt v
Rea (V) = [[xmwm] [x[z’r'r)—’rv[h‘j ‘

g
e

= f[x(f)x[w T)+th—)>‘(H*T)+ V(O x(t+1 |
Y- v[w@

R, “[X(f‘) X({'f'T')j - b [\y[o W”“"’)J"rE[y(f) )([H"{' 1
v ff‘r(e) v(t+m)) |

e e e Bt i e

a8 e ey e 25
L e S
- 558
i

A : ol . . = ,
Scanned by CamScanner




T ——— i i — A . e i

Rm (v) = Rxx (Y) ¥ Ry ‘,Cv) : )?w« W)Myy@
g i xh) % o )>e$,'oclfc_ thon s Ato covvelaliom
konellon & alp  fewdivc.
"Zﬁ"’ pxxw = B[x(t)- x(ew)}
Ryx C“H”(ol F(x) - x (¢4 ’H-Ti)]

- E-[XC’C) cx (¢ F[)J

Ry () = R C ~(4_13)

& 2L a /éafdf’m }MC% /x!jsm/!fwml cm}d’ﬁ
W od. x(’f)ﬂ Yo7) - &2¥o ymean Hen Py (V)= e[wf}
Pt .
e /va,ue Pxx(‘"r’/a g[x[é) x[b)] |
g X () = %,
X[bf)—- '
Oﬂ Hore ano ro /x-’wocfm Com}gmwé‘ G
) >0 & %6 % conle (ool
‘ odp/z:m!”f Yavdanm \Dwa)o[g |

S Qxx(T)“— F[Y,@(L]

&Y axe gﬂ'? ame /éar/am /é'vocaded at-

3 S O DI SO 0. WINPRE - |

Scanned by CamScanner



s —— ‘
o o ety T £ TR
» Rxx () = E{Y/Xf} F["‘J ED‘

f = £ [x)
@

/37'[9’5 x(t) &Y v be Jwer)a_,g

1 Rey (b 5) e[x (k) V[h)]
- e[ vt
z Efx[f) ‘l(HﬂJ
= RXYC”O

7’0/L€¥ )?egg afchA COYW?‘CILO’Y? Qm;‘f

? RX‘{ ['))) )?\/x (—T)

i
‘ Pt - (Y) £ [W? x(’cﬂ’)i]
C“T) AR, X(HY)J vl

s e[y)ae) B

c E[xCU) \/[uw)] |

pwf"r’)
RXY(T) = f?\/x( v

e g ) N et : )

Scanned by CamScanner



N2 X)) By () oxa boo wdoy )mc%
and Ry (1) & Ry (%) aue Piilr eshecRoe sk

convebion dunckm  Har ] Ry (1) ) m@

Ll E[x(ﬁ) () JZO

———

U Rats) m

4 f[x[UJ: E[v(e)}': &g[xrw‘/m]
Rxx (o) Ry (9 @ () R

| _E’(_X__(zz __,_“LGPJ-,} &RXV(T)

Rxx (2) RVY(O) v Rxx (‘O)Fw(o)

| + ',}. ) R)W[T)

/*—>O\'§

R0 R‘/YID) b
| 2 2 ny( 7)
L QL T

) ﬁxv("f) ]
myy[")

a
SRR
~i
= |
N
Pe\
<
s
Sk

Scanned by CamScanner



S e e ——

Ruy (0 ki(\{ (o) + Ryy (Y) |
= >0

Rx (0) Pygl®)
| {ex (9 Ro® |+1Rx ()20
Y R (0) B(0) 2 ]Rx\,("f)) 70
i, 2P Jo eandom procons X(E) & W ane
Tokperdont Hen Ry (1) Elxed- tlve0)

f@)’ we koo Hok
| Ry ()= EXCE Y (£47)]

3 ko ko ofably an dspordont Heen |
E[x ‘/J r[*): HVJ
S Rey () = e [x) EL (k)]
zf (O & bepaoﬂc Hm VED = [+
D R ()= E[X[_f)] ? v[(—)J

~ ;” 24 o /eamlf’m /W%@ X(t) o\rxl v(t) ol

&eyo. mean Hor blfw% "'1’-——>ao /@g‘\//ﬁf)

Ry () -,:,fg Ryx (v)z0

Scanned by CamScanner



P',\%’L we know Haf
Ry (1) = pfx(f-7 N (H ‘J’)J
Ryg ()~ - £y () x(t H)]
Qf'r —>o X)) & Y(t) o lf)clﬂ/wr)(} wh fvenlg

—i:i nyC“f’) Lt Ry (\9
S0
o gt - X efye) ;Vp R (1) ol [w(m)

T '

L epe)-elvew)] - g[v®), )
b% XG’)&L(CHOJU& @) c..bx[%)& y(‘{_)a;m_ngm
weony  Hien meany Hhaon
e RX‘/C\O:’O'O‘ ‘ e R\{XC\(’J;O‘O
22 a0 T->o 50

}lq)gr - _
G)arm:an }eawcjgyrn }vm%

o &Cmﬁnowg) konm }Dvoce»; QY Iy
msﬁ' Yardorn \nwal:(a.g ) %, =x (&), Xy 2 X{t ) -~ |
Xp = X‘(.‘Ln) (O.YYQJD"YAb o He R Ghstan ey ii(—
{', ;&L R l“n

1€y ‘N'-‘-_ } (2B OM\Jj J’?me ('JM]LQ“}'

h/h- ! *""tﬂ
‘H\Qh‘l komlam \Opab[q a)w Jmmt{'] cna.uwav,
Mi—im—ﬁmm:amdu&éﬁﬁm%nmn_@

Scanned by CamScanner




Y

\ L) e e i ﬁan
\C, ’CX (X| Xz,"’xt\)/{l {)- (") \[(7(;,,) P ‘

;.,,_Lﬂey j (x-3 )CX- ) (cx )J

whore  [x “x] St x, - Wl
“ ' X, =X, |
i
X'J " XK) !
[Cp(:] rCn (. G N ;
' Cé)r Gy %23 —C?""
) '
Cm CCNZ- Cps 0 p)

'r)«a yraan M% x (&)
[x(H)] = x(éo)

TLR gémpﬁb %" Comwence VY,&)‘//L [Cx] Can LC‘
3:\/(!’7‘5 Co ? [(X X)& x)]
Cygxp = E[Q’:*"f) (- & dﬂ
‘ *?[(x;—-[(m)) (x¢- ¢ (s ))]

R TOR: xf*’)])(xmev(uﬂ]
'A-«') l’[X[f) X(()]

Scanned by CamScanner



eLx(in) £[x (&)
=) Cxx (H,Qy),@)«fcln W called Aol
c6-oolevce ook
| Bj fx}cv?d?n e obove '5?,(*0\1100;7 e Aok o 2o
foncHon  can alio be comton 4

—

Cux = Ryx ™ XX
5 oy (502 Ry (e b))
'. * G
e ”Az ‘GM(;OW kamém}mcw 0 wot-a
,%ﬁ’cma | yean, ﬁo)'ocoiidw(}mc_e torelSon széemé
on alosola,&' frme
" -QY o ooq(:&z sence S"aw | He@ yneom \ILLLUL et

be o corsfand |
e SR XL D Hxen)

—

=) X |
C\}LJ% HW 1907‘0 44 VCW?C’V)CC 7{:)’7('[7%)’) CJO}FQJ_g Y
"’"{7 HW W&’mﬂ% Jﬁ%”(’ YCE) c\vzl not ) ahselule
ﬁmp “'P'/ Cxx(('? / {?)3 CXX ((’?"{")
Rxx[éf"("f)i Rux(t5-&)

Scanned by CamScanner



ﬂ d%(m,fé kam[om )’700%

o TH A% bey Yo o B ot 07 eveuk
%ag orcuvea[ %af&ﬂ&vm #- fimt hets he
g\fwﬁg ofccwec{ ok mrtlom gm%

EEZ%— erbs oo @ elechomy Ly Ha sodace Fa
Mj;bg anche bl (e
'Mo}e the fisSlon Randem }hﬁcem @ a@) callid
\@ }mgS/m’) ow”))? ﬁ"@(%
¥ T Cb@nﬁ ?’mssg)mo /Drocw; 7ed shall 767Lur€ fro
‘ch%?

7J<£ fl,ew}’ oCc Ly ﬂ\fj cmeé n any w”'q’t’j

e b St
é\, 'TL-Q oCCUyance “‘lm—% ‘mUJy(— be SMJS'@%

OY)(L)DWAWJ{ © Hat He nomber Hakoccunih ‘
:m’lj j;vew rleﬂ m@LVUQJ 35 inffa}em{m{-(ﬁnom};m

?m any ohet oy ey (aﬁ/;?/:? Hme Sk

_
Scanned by CamScanner




| o

: Bl dbhT habon & AQMU (’ unt Wmux/

D N\ NS, N
AN

a0 1 J : a
7‘)m }’h!?%_‘iinY) }(m_mrr; '\Y\:-/(w'llf\(DA A )'n“n, .,.{, ’g

({Q'\U\] ( Cl\\‘l Fl\s\lljupm’) (umf«n )r

b0 )k :
£ b 5[;?#) it (1)

K=o )\’i

P -~ p-b © I¢
X [7‘) C " e ,_}L u[:r_wlc) s el ()
k=0 k

{; (x)=ec

!
)

}teze ADD \Q&s aﬂ’aﬂ Cm’lﬁﬂnf an:l MM /{///ﬂ/z]
OHDQM @—“&L gvm 1o QY)OTY{?Q 7’(1/50)‘77 \P)/;m /17
j:‘p N=oD OWC{ }'):O

w}wu_ S5 f

Scanned by CamScanner



—-—-—————'
? ”)oq) p b M@mcg&m 5}6@(

Cf@/ygc ;evv?{@

?oco_é_w( dmg\tl s)aeclwm & k' }Dm}evfrfti -
A e N AN ” a

‘7! " S)DEC]’TC& }%# Y\g% &/ a A&\Qmes\QQ s’&m&
() e CGY){IS\DQS % 8@5 %Uw(l)ejl }Yﬂﬂﬁg’fm D([Ca) an&

RQsawQ l?

U:\jME.Y) _

: . | .
x(ed) * C%Me’ﬁwkﬁ“

\ oy @l
’% XC‘E):—;;%(.XCU;)G‘? Cl_w

e, Y fonclom ﬂax(wj ga some ﬁm@ talﬁzc{aj

Ha spechom & 2() avd hos He onth @ olfs fug
9P k(v gga wlfo %naﬁ W |
" e conslbd o4 olbge dondly fchom
ol ) & el Knaon Hen x(t) tan be

ecveved. 13] meons & Snvevse AN harg/;ym

ord can ke ﬁvew B 5
| X(+) = i.'aag o) S des
| oL (,7,,, }a(ace 56 vo//agﬁ G Cope }mﬂY%a éamé”“
| )bm(% Hen (/)[‘ ¥ 507'7”70% kbcwncg M({a?
A M\ﬁ'

Scanned by CamScanner




| oy

shechom
ey Ji%j fkf%ﬁ_l’
for a oo eceys x(F) ot % (D) can
ke doffne SO %m‘ﬁcm - SQmHL @mﬁfm % (Y.
ek &b Lo e Mol [-T,7) |
‘{\',e" Ko (B = %O ~T,4‘657 |
0y

AS L@Zj TR N ] we}évgev»'@ wp (1) hog
beoded. ofoflon rml can ke given ou |
lexcxt));lL—Loo

—ad
=1

[ [xp(ofdbce ——@

e

i , _
7{*@ Ruen }mm@vm é’ 1:(8) ewn L@qu(’n%-
@ .ot
X () = wa () e Pt db
—aD .
A ik )
X ()= S X (V) ‘e'gw{.&k' —0
- ?" poi | |
Th ey contonk (1) over Hue Dnbimad [-7 T]

ke que P
[ IZ 0 L db

el 2 |
=) (T |2 (1) df —l)

Scanned by CamScéhner




g o forsevl Haern o e o1 canel

be ve - w?”"ﬂ S

F(O = j ()] dlt? -’*J (4 ()] des ——@)

)
J &M{f Hha above & Eﬁm (P oblesn avews;
h*,coefb o»ev% ’W&E‘L\’Q& (*Tv }
. E‘%J PO
- L § (o)™ oleo
>T-—>°D Q,__S‘i]_x_,__—_*
2T
70 He oo equalion xT(w) N calloﬂcl ):ow/
dm&\g }»dwm

¥ As icﬂa% T——)ao QY“A hkﬁL “"-‘L EX ec;QcJ. \U«L‘-Q b
Clﬂm"’ c\suﬁu\;b }Ouﬁv o\nw"hl S}X’C}w’”

ofL) - Vel
e ) el
Py (Y= L T E
\ O‘) T2 -;'I'Tﬁ & Eﬁi’g;ﬁ CIC&
- T ’

Scanned by CamScanner



—_________7

nfoal™ s B
sk shodh v fwov@ e bvo}wlm,; \ffL j}(ﬁo rJawu"f
tﬁ‘?&’f\mm- |
’*‘i‘ [Sx,(( )"z T—w o= )H[w)/
D
Sxx () = f 12,“('*() ')C”A'T'
oD o{
RxxC”f>»~—-—S xx(oo)f’ coj
—oD

el

‘ ‘Q‘Y o ¢SS }bwer 5)7e hol oluw\l"l (PSD}O}‘ |
3.@0 QQWJ §\;QA H/\QOJULQ umLUL W\Qﬁmﬂwéq
%b convelofiom) .chif? , |

Pt 00 T s (e

L .

o0 ¢ & ;
Sy (0)e S QX%C\()C”MOLT

.20

| o Q
)]+ [ a0 ®Tdy
w=0 eod
A So R (YT

! ) ,
1. e, TE 4, ew,ul% tha osea ondr Hee
gvoph g oolo cowelalon Fwmckom

Scahned by CamScanner



i

)

e — e ———— e

The meom squoue value & coss /Qawolmn /’W%
equai to He onec L,m:l&.‘( Ha SY"‘\>L\ %P&D

| p,.,qé.lwkT

o

o

KT

hom &40

Ry 030 BT sy ()

O Q
Sxy (00): X RY')(CY) P"iw'_r C{Y w’“@
-

QO.
Ry U1 = %ﬁ\ Sxx(w)e

-—

R0, = €[ 208)- x( H‘r’)]
~ & [xee)- x[{—m]

=8 [ X lft)] "—"‘@

© 0
Ry () = ;%}J Sxx Cw)GJwTd*w

v, A ©
R‘XX C‘Q’> I'—- K &-7%7
\ 'YDO : _ad

RKxCY),V):o ) E\%S Sy () o{w

-aD

'ﬁc‘m Eﬁp@
@[%" e 2717r rsxx(co)({co

-

B e e R e e — L .

ot clOJ —

————

- s . e

Scanned by CamSc‘anner

1




SRS D it =

brocess &y co? fimy Hhe pruey s}n chod olm:Jj

%L”QJM KT :
o s —0

- (—?co)] zT[H ook db

1y () = (o) () f -
1, 0-6) = (fe0) %y (-

®"O

2 .
Sxx () = “f;z’—f / I Cw)} olew
0 '

v

LE /ITCQ)'KTC%L\)/JCJ

- ——

T *T
ﬂum GQ@

.

| T—-)aD 07T

R W

Scanned by CamScanner

\
&y

|

m pocRn. s }mkum olowlj g defulive & )&am[om |

[ ( RS (=) (J‘J)x1 (-e) }clco

Sxx (¢
T Q
XT(C.J):.J 11(")6.-)0)(*&‘*
2 .
) 5"% (e ok
T IR
1 oot
= J to(6) Spe” D |
i |
. q
%y () = f (5 e (Soo) I
=




: &atnm\«}fl Ti\l _mUGYSB )mMQfm%’ #CYSM

L
=) THO &' )XT (w) XT w)/

T
!

e wlrLj; i )’(T ()] e

Bq )3 [va(w) = Sxx(‘*’)j

Relabo b mvcb}eckum vl a0b Cmfﬂl?m
’de“m (ov) oofenay KL?Y\)CW velalion. |

dcm,gxg w& Wma O\\Je:sog,q @eroulcocomla\'loﬁ
—ch}? Ve

(5,(,([&))@5“%0@ Pr[ RXXG Hﬁj @

- 20 <

of x(l«)% Q%M Cmﬁ”@é
e b T |
X ()= z x () el s %

o b
o \t-\*ﬁ')?u:& 'X((-)?% meclij« .

20 o T S
S ']xfk))‘% 260 =D S )'xTCQlcuL@

| =1
.F.Tﬁbl('t) |
i ‘ ) .—(3 f‘
| x (&) = Ff[x(&)} ;—_S wlHe ™ dk

=0

i
!

s o s A NS S s e 0

e e L T —— ralk -

ey T R A X 4

Scanned by CamScanner



?

Yir (o) =" \TXT () (.-?m(:: (“, —(2)

i |
1
ek T S J_r;) ""’@
Sy (1) T):;o aT E)*r ()]

&4 @ con be ve aunitlin ay

Sy (0)= TI:; '-3"7 E} )(T(w)7(7(—w))

Jwﬂ@ |

@ &@ n 67,@ _ o >
Ll" ) J g'g( ((7")87?6&' A{'z &'Xq(h)
Sxx () g 3:,% = 7 =
6)&)(‘;(}[} JJ‘)

. L4 T o T
| A T

Scanned by CamScanner



Y (&) ) [;")

. W
o)

R S &
) \ w) (& | (Q ” »
- )

DD

”11 (), () €

-

) L’{ N N " \ s €
g f 2@ (1, WY,

A “ ol ) v
sy ! \ Nv(‘m> o
NN Ay
Ot e )r o J"‘)J"’f”
\ , X, L1
o { ;1 o & Xq (822 dw

o T St Aq cwf&)

0 Gty

SR f x((ww (1) &1

’D,,;’) (?\

)
l...
:)I-LNO ?} \RXN({\A
- T

o [ Rux (b b)]

)

0
é"'? J gyxfg,)eaﬁ'”ldu)~" A[qu(h (:1‘1'))
Y o

° e -
e e
R tbtmt's 5. i e i, 0 o 4 W™

\ X(h)x{b ]d{‘cd{l

) )

Scanned by CamScanner



B

P?tjzeg Sfr Cms y )7e me

Son’r&s Ha fwo}'rnlm‘igr CYOSS FJS &l)‘YCﬂ
D’Ndc’m )st X (1) & yox Gyed below

\

O 5 ()2 8y (o) > 5% (02)

& Real ch o 8%' syy (@)

| Re[sx\,C@)J 4 o EVen thpm & @

E\E, Em[Sxy(CO) &-g:m[svx(’w):)mod& @WC’%@%Q)
iq Sxx{ CCO) =0 & ‘SYX Ccn))_o Coz&ar) o« (t) CXY’A l‘[(‘f)
laxa. OY\'Lchmal an%ml

kY qp ‘JL((‘) OMA\ 3@-)05(1 N M(al-qci OYJ Z'nue |
CW{'OV\.}' meany ‘o an[d H\Qn 3)“{(&)) 57x(w)~3 ;

% | ‘ W@d)
;gé/ "f[kxv_ (t €+'T’)] %F"“T) o Sy (@)

| A[Rrx(f* %*T):) SRS

Wy Sy (@) = J ﬂw( Y) - f’ﬁwt ci‘r

S\'/x'(‘(n)-):g f Ryx( ) e JC'JE’A.T

o—-“)

Ry () = "L* J 5xv(@) GWHJQ)
A

w0 0
RWC ¥)- au S S‘/X(w) ?wc’lw

-0

- P L R e e

Scanhed by CamScanner



{

e e e e et e B

efon Heo 3 oy donly spcbom on

AV~~~ ANAA ool

‘( \CBS coMe tol}?m Emop(m

NN

Q}ngﬁg\&i ‘rlu ﬁrruz o\VAT:1eld C%%Com’( Aor)

Jtmcwm é 100 m‘frlm‘n mﬁau:g Xanolj anJ
;R’mev A_qm\(y Afe(‘[’wm oL -éw’?m /Yay-.gn@vm ,&w‘g

va(®)=f®L# Tj R,(V(Y)e'"_’“*JT:,_@ .
! i , ‘

SX\{ (C‘))” T)

N . ) N T ELT
%(&);2 W) =TZELT BTcgzjj(f). L

Lt &% E/x"%cf@) ':11(09)[00 —0

| G 'c“
xT ()= Xq C—-w) J X7 .'(é -763 P 2 ’_@
31'.(.@): J (j.rc{‘) —gco J/J‘ .

T

Scanned by CamScanner



Scanned by CamScanner









5/ |16 % Unir-s K - :
w Q&Pm;be O,][ Lfnear . gg/%ems 7’2 rR:mdom ganaﬂé ¥
hard OLL“E’F\.L[T R%POYM C}ﬁ .l,iﬁear %A('Lm oy QEAFOMQ :f Ll‘r\ear (P{’m(__

t
b @ vamdom proes X@E e aﬂab‘edl ko an LTI
/K%{'Cm c,JnQM Cmruj/’r__- W&EW 5 ‘\(%) , o 2howm in —j:\aum
, f o
S \ .
_ 'tf\’ v 1/ Y J'. [ o-fp &P
L3 C..%)ﬁ*rc.m :

Y(‘t—) loe -Hheo O(/Lk‘?kkk_ 'm/nclom T)mc_ub . rnﬂeh f\’\e O/F YW l—
O-P the L(ne,o.wr A%%ﬁm-‘fb AgFmeA (95

Ofp ~opoma § LT splem = Y = bt @ X

oY o
Vip = X @ hwy = J-X("r) h(£-T™) a7

“‘tm X E) W :/? Yornd e .chas s })Qt) s E’m,’)uﬁo\c Y%ch}.e, -
‘ 0_# LT T /!)BA‘EthVV\.«OL Ve (A é/? Yandem Pmc&w

™ \rol,u:, Ofp Teyporue
” P Ihe EE/F Y/EEFWJDOi LT A%k—m VA C{e'(:ma:( %H

Yy = KO ok X '~j heyy % (k—T)dT

A’H:Sla e QCW&&QL\UY\) .@F:rajrw, W Se%,
E(vwr] = E("® * xeb)

=t [ J hH) X({——@“)o\?j

)




= j Wy E(x e-] 4T

o () 1A o wss RP. then EC_XCt’)]: ECXGC"'"T’)]

—

= X = CD‘YV?‘%CVV\JF.

EY&] = j hery X T

— &

E[:‘KJC)] = X J Wy d

Ne ko -F«ecluemﬂ ’Te)s'rcm/ae' G_F LTT S'Zsﬁrcm‘ =4 (w)
AR SO
' N

o0
()T
Levo '(—(eQLULQm?j vesperne of LTT eystern = Hcm:f}wm e’ d

= H(O'}ZJ}\@:)dT‘

So - now, & CVC’U'}: 5% T Ny &)

N

V — X -H o)

B T E[9ee b o X = The mesmuals e espon

¥

F’mchxdr QF the rﬂe,o/r\\/cxl.lu_{ f/P vond o P"}S"Ctﬁe}y& oxrd

\—"\uds e neam valte i O/F Y enpomse A Qﬁlunﬁ-lconﬂ

Zevo %eﬁttenc‘tj~~re)>f>cmf>c c,f_’ the LT A%Jrefm_'

- Me,a/nzai:vq,m \fa.QAJUL i c/? Tespomae : , _ _
e D/\D TGJ)()(ITV\{ D{w LTI Atzrs.{:em \:&wClE«Fﬁeel [b_t)

Yee) = hd) *.xecazj T K&_ﬂgmﬁmm@wﬂm

--»od E Y e = j;h Q'J-%)\U-‘—T;.\:

The Meomq ware value # 'O./F-"‘re/s?m = EC\/;Z(JC)]

= B [\/cc) V]
- [Gn(‘t) X ) (hctu-*%ct)D



— E[G HF o X (£ =T df‘,j)(j:h(frﬁ X (+~T2) dﬂ&j}

'EE[ j X (=) % k=T h@) boo AT cm]

17
MQ Lf‘noco J[—hai‘
E CX Ga=T) X (& -"ff“‘:,)] Rxx C&/ﬁcﬁ-) @&/ 12] Rocx (T =130

E Cx E—T) ?s(t——fu)j h™) h("\*’z)é”r{chz

CFer wWss R, Ry (4, :tz) = EIxGx(ta) )= Rox Bo—t)

= O
{ E[‘ficb):: J S ’Rxx ('17,_:]-3_) h(fﬁ) ) d“r,d'r’j

= The meovmetmm \falwz;ff 6/,; vepore

.
B

The meamiquan vabuc ¢ °/P repome s @ fumckiond
e lej ot akcolude wone L
A+ myw %[ @: dom row;ucg
| | Thee ave -Fm typesr o Tan&om jmacwu :
@ (,ow pos vandom Pmcswsu
» Band pous vomdom procoses
(9 Bond limited  vondom procames

@) Nan—veu: Bund  Yourdem CARACS - e

(@‘) ]\QW q%/vﬁ mwx E: v

A vandapweos (8 defred @ e e
P yondom prows Kttj1+ s
Poover xsredi:rc& &emibj Qe (- ey 55— e S
‘q‘\ﬁ";{’?q“% Componen'ss T P spgchum of | LPRP




Wwie  the 'f‘fficiunnﬂ loamcl O . Ahoun [0 'S‘aﬂfﬁf‘o‘r e"»k.am*)‘:(e
bBose bamnd ﬁijoaii . such o /??Feech , Cmagz amd viden ave
\,OLO Ftws Tctmdcrm Iymcexs—ab'

- (o Band Fouss Qamdo-m Qmw%es :

A Cxx(®?

S,

F'cj P{@'ﬁf spectrum of BPre
'AY Yamdlmm F‘\’\?wrs X&) ;CG_Q«Q&A.Q bctmsll:ommxdom
?T‘OCQ&& E_F s 'Fower '}&fec,pcw‘cd c{ensc“b" qu(w)‘km?bé
/ngntftcow\% Component within a bandwit, W o-H\Q‘k_
doosnor  indude  w0=05 (04 shouwn ;n‘%aw)gg& o
Frac%fse, the A?.ec’cfum ey howe o smoll MOL-"&L
")ower cs(ae&mm ot w=0 , as shoun In -ﬁg&p{\e_ The
Are&fo& COFY\chenh oakside the band W are very (SMO.L(
om& tom ’:)f: n {eo{c&- Fm examfle, WMQI‘CA PN
with  courrier %qcmtﬁ Wo andd bandwadlth W 2oz

LDC‘/ﬂcl e Yandern TOCLABLS
i P
TL\C NOLye ')th/WSmIHcEﬂ DVer o C@mmwﬁwkah C/“mmv\et Co

/R
be mwdeled o5 a 'Damd?cw Yamndem chm




| (¢) Rard  Limited ovndor Rocones +

X&SX%( wD
{+O
QJ// A,
{ P i
k—

Fr‘g‘. oy §?ec‘r'm~rq O‘_f, 2 re
A vaed pow Yand om T)wcw ¥» o said do be bomd lmeled

Nandom procus {+ s powwer 6red-mm c»m‘o:mcn{a are
. Zero  oukide fre.{um% band of cordth W ek
doernt M wW=0 The ;Fomr /sre&mm clenxsr QFBW«J\

Limited ~opndom procs wo an dhoun 0 %8 |

Na\(\mm @Mlcl Q&Ytlﬁm R‘OCQ)\AEX'

\-SNN ( w2

Hg v Poue v s(ﬁec‘num o,{, NBRP
M d

o

.




A band  limaed V"Qrﬂm}gmcw % Aaid 4o be @ nomcow
band pro s i the bamdwdtn W s vevy  Smalds
Eiornfare& fo the lkand Central f‘@qu-mg e W Ze Wo
ohere W = bamdwidty,  and  We 4 the :Frecluu\g af-
cohedn the Fowcr {Srec}mrﬁ £5  rnandmum .

The T:bwex olem:‘kd gf o ﬁgmw band yandgw {D'rowys M(b

&

tA as Ahown In %‘Cj(a).

T‘ne_ Narcow band FT‘OC%A com Be model\ecl Gx Q-
Ciotine ~P<mc1‘fcm /sLou)% \fawrzjzna {ey Ownr{%ude amnd

‘P\‘M it f{eﬂumcj W o s ﬂhowﬂ?f)‘..g‘oﬁdﬂ Lt

Com  be 61,9?@%@0[ o3

N = AW @ﬁ%ec@
Loh exe At — Cvn"\f(.ct-uc\e t:..f_ R-p.
O — F\nw Q,E L P

* Qﬂ?*@"e”h’?lffﬁ.“ Q-’: Nasow amd. Qandom_ Dfﬁ?c_ejys: I-
"]”—.O\r oy QTbiJCTG"'g WSS - random ?mcw N(b

N = A ca (wot + O) o
.-_—_. A B [Co’s ot e by — 30 oon{c L) aﬁt)j
NG = AL“c) -03’5(@(’6) ol (oo ’L—) —Aw &‘n‘@({{ SNtk
The @ua&rc&umr-{:mm O“F quowl,gmct proces A ({Q’{:Cned‘ i?j SO
Nt'f) = X o8 @db)Yey Siobpy ) ——= D
COmﬁLTC‘(ﬁ @ o d @; !. LA %gA»e
The dnphow  compoment of NEH = Xev = ACh cos (O]

T[’\e QU&AR@LW }D\GCML C.xorryme(TE CA’[ N = Yeby ::_if"\“t)“sf'm@ec’)]




vﬂ'\e. 'YEca.lri‘ow;hf? b/n  the Procasses. AD and, B® are
- I + Y2 = ATH BNt AT Staf))
Do+ kb = ATB(crpd)r seiEw))
= AT ® |
D I +9TE = AW
Aw), = J‘X’*@-):VQG:)_J

Y - Aty sinle (D)

| X () Aty osfoct))
O = Lan 6O
vy e

=) Q @3 ka"'ﬁ‘ RS
X

:f %pmre‘rﬁ% ‘i "%@hd hm&ﬁd@n&om Pmc,wq R
V‘L@Jr N ‘be QJ"(\\;L) f“@fﬁc‘f‘? g.p. wclh  xero mcovwr\\/a&lkb
and pocer Afeqc]cmm elemtb\‘j - gNN () I.][ the Yandom

—H"eﬂ dome ¢ ' : '

- %om {m@rtm{? oY exbies i BLep gm 8ivem_
| L th R@) & WSS 5 dhen - X amd Y& ave josﬂ‘ﬂg
: idesense s {:ﬂ.‘d‘o—nqg :r)o *;5

TLE W b Rew mean e E[Nw] =0 then

E(x®]= €[] =0 o . .
3. The meom QU m&uu Sf e Imw% are. eciu,oL
o EN®] = B[] = EVD)

L

l)wcm S Y‘erruw%(d - b\y NG‘-’ = X&) Ojj*.:wz){- — Vdﬂ&c"n wo t




A ‘Qofh prcomes x'Lb*aﬂ;d Yoty hame  pame  Qukocoryelabion
Zchhamc Rax (Tr= Ryy ()
5 The  crom - covrelodson ﬁm&;@ﬂgﬁ Xty ond Yb cmc.‘
Glven by DL (= — Ryx (1) -
T{ the procoss are ortogoml then
Ryy (> = Ryx(m) = o
6+ Both XU and Yeby hare  same powser specral

Aﬁm < % A

g\/\/(wj‘:,g){x(u})) - SN(CU-C..UO)'FSN(CD-I‘-CDq) B IQD)Q_(A)O

. (® / otheérwise,

T The CY‘OM—-r})owe'( AFQC’WMM qﬁr?a{,;gkyCcu)= Syx(w)

%‘I.F N 4 > %m&wam random mev& then Xty omd

NE) ove JOLﬁJL‘E/j Sa,uw.am Y -
C(‘ The Ydﬂheﬂ/ﬂ'\(? b/ ACF ard PSD [QNN(UJﬂ A

R ) o Sgwn(m) m@w—wo)ﬂdw
Tr- . B

RA

{i

Ryy try= _L 5 Spg (e SO0 @w—-ura)’r) dw
:sj (0 'T’.? NG 2 ZeYo e
| SNﬂ(un A - Agmietrec obouk £ oo, ther? X amd

M are «S\rqhél—(m% cncﬂ_z,{)enden’c

st amd Hs PSP,




%Cf\foss Corvelakion Funchon & O/P (Q%]DW |
D The CF bn Xdy ond 70 = Ry () = [xec)y&wj

Ve = hd x X O

O/P- Tea{xrnm SF fn:zv S%km
J W) X (- dT

Put v+ = T, megel

1

\/LJc—f—'r) hEr) X (Jvﬂqr— ) dT

a\fﬁg

va (T .C[ X Jh(’t‘.) X kT ﬁ)dﬂ

= E htﬂ) E[x&b X LJc+qd~"ﬁjcl

e lenow W'% X @b & WWssS {“hcn
RX\( (tit2y= E CKLJC\3 XQ::_)](_ Rx»c({—:r—h)
€ [?(Qtﬁ X (b7 T = Rxx(tjc—mv-—ﬁ) —t)

= Rxx ( 7- ™)

Mew Ry (7= Th(‘:) ?xx('r AT

{‘- RW (™) = m * Qxx(’;} ‘
N J

. e | —E[v® x (e
Qi;] The. C/(/l't lD{ﬂ y&) anA 7\&‘) = R\/ ('T’) E[

CATT Y= heo ok X

z*j W& & (& —TY)d T

=)

= j Wy Xk —T) dT)

—0o2

P‘\.L-\' 'E’ :’T)‘

e e ot e 3 T L= 12 k| e

—e,



Ryx (T= . E[ J hary x E=T5) 477 % C%wr)] .

oo

= € (J h(’ﬁ) x(f——ﬁ) X () G’"ﬂ

T hary € [ x (4 —T) % (Jr—w)j A

—~—

L\lﬁ, ke o co trad ;( X (+) (» Wss "H’TCO

Ry (g ke = € [y X)) R ba—&)

, R (=T sm) = € [X (b7 )= R D) -
s SV - -]
’ = R»ix (T —+ T |

Now Rxy (3= f f\(‘l\q) Rlxx (1) ATy

J h(""?_) Q‘xy (T= & Wl)) dv.

il

h Q"Ti) Rx w (T ~Va)-d T

f jﬁ h ("J’("z) Rxy (M=) d T

L R\m(”r’)—:— ‘h g;—-ffjwﬁ; vaﬂ

giv The AcEeof  vay = Ry(m= E (il Y L))

“J Lep) % (E-T) & T

"7“ Y (+=T) d T

-— K




~—o3

- EU KTy X(E=T) Y+ chj E

o0

Ry (1= € [y"“@o x (e-m)d T VLJc—mj

= JN’T’)J €% (c-—"r*))ff({?—wﬂ 30y

INe  lnow W X ¥ T are Jomﬁj wss ' then l’
R&w ({*l.fft_)':' E fXCE,) \/Ch)]: Ruy (s —H)

E [ xEe-m) ¥ +7)) = Ry (= T)—E—7) = Rey( M)

N .
= wa('r):j Wy Rey (T ) . &

th@;_) ‘QW (T+ G- —d 'r,;

R, j
=} i h (=) Ry (V) AT

‘.

TRQJL) R'X\/ ( ‘T-\-'T’Q..) d

e e e e ettt i 45,45 PR i, i - bt . < 4 - 7 ST

} RW CT) ‘ \W C’“‘ﬁ * QXY (“ﬁ)]

e e
et i,



vy The ACF "'rf Y= Ry (T)= SRIGIE Ce+) )
“[p ‘Q?W ci' linear 'A%&m = Yy = o ROXE)
:f h) X (E—TdT

Ryy rr= E [ B j]'hv,m s (E-+T)— ) c‘ﬁ]

N (J Kty Y X((-k—%’l”)—"’?) d’rJ'
if | J qv) E[\/(t)xtic-m“-—fr)jdﬁ‘

}\JUW)I'F XQ‘E) ‘aund YC*E) C?L'Y;e ‘050{% Wes "’heo

R)({ VK({_' t'z.\ _::ECX}K%Q XQ%?_)J RMX({D—‘“{T)

© [Vk’t‘) X C{--+ — “ﬂ] ny ((-E-—\—’T‘-— [\)_'t) \?.5, e

r -

= R (= f (T ) RyxCT’——u) P

-~

wa ('l“)_ | hm S ny (ﬂ {éyg('r)x h(‘T‘)J

4 .




ipv

? %—,A(ul—o Corredatton’ Fandion Qe/si:cm&egﬁ Ltoear S%R’m E
% The  cutocorrelation %mohen ofp vespons  of “*‘js’fem*fsi
| de{?n@\ by |
ACF o Ve =Ry ko= E(YE) ‘/(b_z:] ,
DXP AP INVAL fL " {¢near S%&m‘ YQ‘C) =h) X% &
= f M) X (=TT
- }Qh (xy X (£—e> de

“ =)

. | g i
Y = hto X XE) —Jhtf‘*) * (4 -—fr‘)d‘r-—fh("ﬁ) X (b—Ty %

—od

Yk = h(‘w) X KE2) Jm)x(h-—ﬂv) d = J h(w) % Lea-—ma)drgg

oK

_ (Lyy= F 0 . - ¢
: Ryy ()= ( Shcm X (e =) AT J}\@ *xca;ggﬂ \

—otD

[5 J KT h(m x&,—“r}) ><Gcr—|;) cl'r; c(fvj %a\

H

= J /_J k(’h) F\(r,_) E(X&%l —T) X Ua-—’rz_)J d1, dm

g

\”‘[ﬁ L?-how theat i’-P XGU » WSS amndem ‘zm)cmrfhem :

I -
Reew (1 k2) = b[K(“q)"K 62)) = R Lk 40) |

Bl .X&w"'“l)] = Ran (o) —(& "‘T’\)}
- R'X'SC CQED" _dat*:‘) —- T‘ — '7"2.) ‘
= "Qxy (k to—) 47T, — "T'/z_) i




R

%

\ 5«‘?-;

z\‘:‘:,,. Acr Q_{; O/F Y%PML o R %mcjc\cm Q_F T’ o*niﬂ

R\;\; i) -—T [ K"“") }\(’V?—) QXX C’Ez—h+[~ l 7_) CJ'T"\C"??_ _.

——es —oS |

For Wss  vrowrdom Pmcm; hBl b=
Rey (42 = Ryy a=4) = Rw (N)

A b S\ S e

QYVUT! ’{") ‘Rﬁ,m")"fi RKY ('T"'F“’TJ["‘TJ-) Klf) wl)c{mavﬁ"

R R T e epvesinaman

Ml s

R‘f\ﬁ (‘T’)* RSP SR Qxx('i’) *\ncr) 1Q&x(ﬂ*Hﬂ X \167“)

s et o
b 3 S —————

; R%-m CCF P!‘T‘ijer{-ig_g I cmgl &L
L Ry («ﬁ: Ny ¥ R (1)

\ R*/%’i‘) = Ht-—"r)% va(’r*)
,—I‘Bengy\; (ty=h (=™ 5&(}\\&"‘) X Qxx (q-)) h(’T') ﬂch(ﬂ“)* Ry lr

me’) = \ch\m h(’f)%‘ﬂﬁ )

o ;.byc QBAQM Hene it !Jrf/nu , ACF o_P /F Yeaporuse
o xch‘é‘_ Q.L&c - NSS ’Y‘C‘Arndmﬁ P’fow
g -‘ower Srbechum De’m%‘j .fi O/ID Terpomie "~f~ LTT Aj/s-lem,
- (OR)
Derive [dlf\‘.‘c}Ylbhf bfa | PSD 0'% TOFFLL“? omd Ou)ch{- xardom

FW% o{_ Lnear /:\(.’A{:em of CTx '33/‘1{4"0

“Tan

g x{w) cvmck*

H wn -e"}° -Efomfs«f:er %mc%em q{i Linear A%AECMB then e

PSD a{: Q/P Y‘Q/‘)Pme ! O.F B | ¢near i{fm A 8«\!\% '53
g HQLU)\Q 3xx Cudy e ) -
Sy Wl sen o]

e Psoof Vo) = [ M/p PSD of X&)




PWO](-_ The A-CF of Q/P ve;b\omv»e qﬁ (T eysterm.ia

cle'[:fnec‘ E?—‘j \/ CE) = R\,ym jJ‘ RKXC'T’**—T, 'Tg.z.) KT)H\U—) dT C;’L

—) OO

Aﬂ)ﬁﬁ ’ ‘eourc‘er Ic*rarws(-fﬂm o botn stdes ( We @eE O

Y

F{ Ry (7)) =F T T Rucx (T4 =2)h () Hrs) d 75 ‘Ch%

-l —ol

o0 {

° —-_1 w’rd a
= J R (o7 =) K herayd T T A
- 4 =eP Zon %
) ee Pt . : . . ¢
= J h 1) i‘ﬂﬁ“@ S Ry (T+ T~ T2) e" | 14“1“"?5-
o o -T' R jk—kf"z. '
= jhm) e’”’""j ha € JRM (°"’+'T’*""i) ¢! .J e
"= s e e dedely

— ,b-c"‘"'i" T —T2)

- lL) dfT‘
ci‘T‘z_cg’T"\
oy
de|dTdy,

o e e

. e [ : o
e e ERad] dman

soey .




R T em ) AT T P S T

We krow Rmc (-’c) &> Sxx (L}D
Ryy () == Sy,

No, g‘ﬁ () :‘Jh@/‘j eijI hazye SXX Cey dTadn

L ‘-~\_' ?nqlcPenéer\ﬁ for)eyq{-m

= Sewtw ( j .hfﬁ)s-ﬁ‘:’(fﬂﬁd ’F‘,)(fh@z) eﬂwﬁcha
: \/\\e_ [Chow %E i [ h(‘r‘)’] = |[Hin= J "\("{“) e.—_‘)U.J’TC‘J .

QEQF‘QCIB.‘ (T' = T, *
Fhaa)= Hues s T h@»g_) e‘“’-“f‘%

.l. -_m

d T

- Replaing o=
-+ [hQ‘t).j? P = j k@}) e ro&(ﬁ

Nocw | ase iwe=id fd
" Ag‘f‘yziw)?: : "SX,X Lo HY oy Hlw) .
b S . A ‘ . i Wity % Ay | Xy

gxg () (He \ - |
g\y\/ (W) = {H&D) SXx CcU) BRI
H‘QVLCL .vaqu



HA_voss Pwar g])eQJcY&[ r)em({—ta

@ QXY (wy = H Cwy Sxx Cw)
Pmo{— Ne krow R""‘( ) = b C'T.) 'KQW-(T) iﬁvmﬁm ay in .c.'cF?'F

Ye;,rm’i
Aﬂolﬁrg %uuur Wm, we hone
F[RX\, ("r)] ;-,\'rfﬁ\(n % R (ﬁr)}

e ke frat FLgi80 0= (9,0 30

L - G G
hiry <=5 Hewn |

RX{C'T-)C‘-—E’ et (0) AN |

Ry () == Sxv (»)
> F CRx\/ C™) j F[hﬁ'ﬂ F[qu(q”j

{ Sx\,(m F—Hw> Sxx(cﬂ o

- m——————a 5

an gyxth = H (e Sxx(f—o) = Hw) Sxx
AC(_F s

. € (f'-ﬂooo = i‘\ L) ou ()
: onof w R\’X (= CT ) x RXX m ip i /?"0’{’0%:

A_PFﬂzul‘j -‘Foun er thamb %rrm WC howe

PR (r1)= R he % Ry (1]
{ We krow thak 1;[3 ) * 8-”—‘6] FESth’)] FESDQ@J
T L= Gy G2 (w ﬁ
hy £ Hew o h ) £ H0C9 T H¥ co)

QY')Q C"“)-’%——% ny C(ﬁ)
D ew (T S (o0




’ <

— F[Rux(m )= Ehem) - FlRo(TY
[ Sy o = ¥y Soon Lo |
Hener  proved.
8\,\; ton = | B [ By (w0

@. We ke  Ryy (1 =h &) % BT F Rxxtm
I Lo ACE ®fp Yaspom

App(/d fou‘n‘ex W%fmh e both sidey , we ﬂelc‘
F [ Ryw(™ )= F Eh €Ty A [NT)}E_ QxxcﬂJ

We hawe F [g,(0% $@)) = F[g,07) F[g.07) |
= Gl G tw)
F[Ryy(™ ) = F (b)) - F[htﬂ% Ryse (7))
Agasn caa_" the property, we have
FChem 3k Rxy ()= E[h] - F[Rxx (7))

“)_1_ method

= F[Ry» (3]s F (e FIhmT F[Rex (7]
hi(-T) =e—>H™ &)
h () &> Ho
Rxx (T > Sxx(w)
Rysy (1) = Sy ()
= Syytwn — ¥ cw  H o Lux L)
= Syyeer= | H o)™ S%x Ceod

whee  Syx s> = Pspof  fp RepP- RO

Hewy = Tromnfe chion OY wone YRAPITH ‘i
[ltrfu@ 'F(eg gjL-TZESZA’L—em

g\f’yﬁw) = PS‘D o,{_ o/{) R.P v \®) '



/P(o%kx\m& - T, |
L‘C {7 Q YleE{UTO EQfoQ‘x XGC) [’)O.)Vc rzkj

OT)FQL?A bo

d;
d‘f‘ }
(1)

o -

A

PSX) .S'xxﬁw‘ :.__‘i_..,_, oA
49 -+

a nebuorde ‘-‘-’ﬁw “Y)FUL'»& YQ/SFOM tAs hED =
1* ¢ C'““( e and 9p YRApom: | 5 'Ye;fre,gwked bfj V(’cj

ﬁﬂd MV@B -I’OW&Y i /,D randorn prosess W(‘c‘D -
Fod. PsD of- O/P 'chdﬁm rmcm Y-
Fnd mrag;z {Jocwr (D/P vomdom P"mcm \l(tj
vaeﬂ g Smcw; =_ 3.
- A GOrwi
_Lm?uim r%]mw 7& te 8‘“” r)/w - Fpet? exp(~7t) uc“w
‘ A\ﬂe.rag ) lQOwUQF /f) f%d@m PYDC% XCE“D Px»& S ;
= ”._._1._-- SX)( ('CD) dwo

A}

7 ( )ch
&"Tr qq +en?

AT R —

o"l'!T ~
Qv w2+ 72
L E: Lo N U ¢
~ 3.1 e ::‘3.)- - J 4 bend® (20
..g.ﬁ = 77 )2 fﬁ'“” G
-3 E,anﬁ (93_)]” o
4T -
= 2 fanw [ 2)  — _Equt it ”ﬁﬂ
IL‘-—’“— L .1.'_,{ - e N
Lo ‘ ) ) ) B, N
- 3 r *‘*”'1‘__] )
=N I&.II
.__._—LUML— Il i
(\?\&x = 2 W= ok&[orwalf\fj




3 .
- dh

PSDQ_{, O/P vardermn DIocun \{ﬁj _
We  lenow reFaHmht‘P bl Fnlou,k- ,ou{-{m&— psch «:\_ﬁ

Yofnﬁ:g\b’m Pmc.ws (- e / .
Ockput PSD af V(t-):”gyyﬁw = | Hew)® Sxxta)

The. %ﬁven FMFL&M Tes FOM D = t%~ é.-’& U

kle Epow +" e’“* uct) «—FET >

n|
Q&Wm‘l

Here n= 9 ;P AET ey et uhe 21

T

- 8

Tagw®

ad  h «——s Hw

Fhw] = W= Flt*e " w0] o o
T+Je)®
H = |2
e | \mjwf’]
_ 3
[SEREAN
- 9
| JGar )
\Hew) = 2 ok /2 _\”
_ _@Q+wl)3/L.. ‘ _— \(]2'{_0‘)33/1_
| = 4
N
S H= 4
(G a+ w?)®

Now S ‘ ('_.L) = 4 " S
vy ( 3. :(GC{*HDQ)BJ(SXXC ;)
4 3 ]
G+ [Q—CI + w™)

M




= 1&

(4 9+ )

U TRt

di Averagg ]‘Docufv g”r o/:F van deyn })‘mc% YO b

Pov = ELT}_] Syycan dw

P ]

dw

7&*#(»"")‘*
| ".' 2" t‘d{d’)f; b_nh )
dw ) —'U"‘:‘) 6™

=\f

BES
|

@ “? )

= % 6# |
Fal ,[C/FXCT)
=I5
] x(7)"

= Q7 x107°%w
\ Ry = & a7 AW J

Q Let— R b ln]:)u‘\:' ’\“O/rr:loﬂ) ‘F'n:'c_a,x,g .-F(n,cl Q\;y (V) and :.
8\” (wy fn terms o‘(_ Uj:, Psp Swx () vf—('ﬂ‘ the FNOLLJT
&sz‘ce,»{w showm  fn vﬁa;wnt FEAd

: — v
¥ () 5 l
b
Sy viun 7] ockuck Syy tend

AN

Acosent

%OL‘. OUL{'FLL%I yondem ?YDUM — VQH = OLLE[mElQF F’YC{&LLC&_ Jautca

= X Acwrwet = A X Coswe b




~The ACF of °[p YCQY\:{@”‘FTW Vb =Ryy ()
- A{ el Y& VU::"!*’T)]

EDMJY&+ﬂ}:E[AX&Wm%¢‘f*x@qummkyﬂ
= B A xd % (+T) Omdwot Cﬁ(w"““"@
= AT E[(x® X (£+7T) Coswot ot fwottieT)

We krow = Rex (TY= &= {(Xb) » L‘%*\-T)]e?qs—r (WSS

WA B = Cos (AT Cos(AB)

, =4 ,
= A% Ryex (M) [m-(wot — ot — WoT) +oas(wo&+u§£+ﬂ
: oL J

= A Rux (7). [ o8 (—woT) ~+ o3 (Quot + o)

. & CDS(*GQ%&Q
= A% Rxx (D rcm C“O“‘ ~t c:rs(&wo%"FwO’F‘)
L 2
= AR Ry (T) CRwer -+ AR qu(’f) Cot (RWetttpt
= 4

E[’){bﬁ(ﬁ@: ’_{;\\_g( R\ZSC ('T’) CD’SLUOT -+ “3? R'\AX(‘..—TJ) CD’S(&&b\”‘"%’T")

Now Ruy (1) = A e(v® very]

& Twy= A [ A% Ry () Co306T) ~+ AR Ry iy cos(@uos -+ umﬁ
=3 2

= (A Rx‘ﬂ(mwwc”i) [i Rxx@‘) CD}(QCUO"H‘ Coa’f”)

‘T

&(:_._ Rxx Cm(wofTJ C‘LE 'l" LE ~——- J[A Rxx('f”) 063(2%{%

Cocfrﬂc\ =



|

AQR (1) CetonT) L%-——~J )l de AT Rl
S 0-1 "

- (& L
Tosee AT
~T

u::s(wac+mofr)

- Aa Qxxm“) codwe T LE (0)

' & “Te> el

[-E] 'RT+ AY vaﬂ‘) LL

Q L3
' JCDS(nwof oy dH = o

= Aa Rxxc"b w\wﬁtt -L[,T/-((;) b o

E@;m—

Rxxm o{wo T) j

6%?@“ psp = Syy(w= T [Rv-v CT’D
_ F[ A Ry 07 cm(wowﬂ
: . r [Q cgrty] = @ - Eﬁ(’rﬂ
- 8 ‘
- % F[Rex (1 e
Ne Yo WOOL\Aiajrfm theovern |
| 8 () BT - G%ch) Hoor .
IS =) [C,(w,. w TG (w+wo)]
Qxx (T) €= Sxxlw)

- , l
RXK_ (h‘./) C@’)@o’T) C”"_‘_'E’-&{—»ELSX‘K (UJ"UJ95 '{‘SX)Q((-Q‘F'WJ %

) S\f‘f Lwy= %?”JQ—[SXX ( Lo~ W) "F'S‘x*x (UD.‘*{-"CDOB

Pgww = & [ ooy 4 S C“’W@}




«g g fred 'bro\mfsfc':r :Ewn(‘jlm; cmpdh fevro-rw_,.o‘[;‘ D[P D
i O/P Quverage ]Dowe‘f ) O/P ACF L‘/P ACF , and %9 Querege
pwer for the  Re lowpan filter nebwork: vhon
he,cl hous PsD b Qws«ow) ”ﬁ {e Noise b
i fp bowiog o o Bller
i-e No and also F_qcl Noise Eamc{pc\'\"r\ql_) RC oo P

Sbl¢ A Qc Low FCUA F\’(Cr B ax éhD(,UY\ o ﬁa‘”‘(

R

. Wﬂ’
1 (o Q

.ﬁg a RPc—
R
. = wel®
Ve /D : ‘ N

]' T¢s)

'J[vj B: S— domeun éﬁﬁv elent Vo
l/F \[OH:qu = V(CS'}: Q-J_—QS') +-‘Cl,g_ ICS):@+',;‘—_CS}ES)

- [chcﬂ T o9

O/P VOLW - VO (S.) —= IC.S') {

s

T:{cww]cc {:u/r\chqn in  S— demopn=Hs)= \/oCS)

\/:‘CS)
— I()?SL -
[+ Res ].‘Efs/)
L =g |
-
(+RcCs

LR = !
Re 4 Fs




Trmfc Fwncj‘\cm n ’F(egu.emt\zj deren oty (o) ]Cf@fuww Jreponie = = H ()

= HCJUJ)" HCS}!J@DS R

S 7/ -
[ 3 1 1
! 1:2 C __{_fi__c -f—J &S ‘ Vil @ -;:: tl,ut. \/(Uh)
2o H(w) = | L l

It jRCW ' -ﬁa (\C)-,“Fqumﬁ O‘F\D.FF‘CL:F\ f\/w
. S
M Snlhwle @f/x}xm&ﬂ ‘ H‘w)‘ fl-:ijC
- [ - :
J (+RO”

o [
(RC) {if(&c +w1’

= |

Rcz QR—LE')LTL’OL
|Hewd = 1

[+ R 2™

Phone respovic = L_HCM‘_Z —"tOm"(__b%BS) .
L= — Tom ( wac)%_"-&'-—ub" Ao (/gjﬁ

7t

oo =

O/P PO
\/\(E- lu_\ow g‘fv () = I‘-Htw)i,l Sxx ()

Gﬁ\lﬁﬂ ' l/F P-S-D ggmﬁ (UD) = No W/ H,

r——

=4




0|

Qyy Con=__1 . No-
j I+wR>C™ Q)

ST,Y((D) el No = Mo
2 (1+ LR g\CR) ® QQQQU@&*PLO )

P e

O/P /A(VEV?:Ej 2 (%werr. o0

P\f\f = &TT J 'g\I’YCUJ)_ Ao
- 15
T No doo
J 2 (1+wRR )
= LL)
‘Q”‘z‘ Q+w )
= ‘\\o
G J RQCR'(:(R()L_;(_FDL) OLLU
= N o} | dw
G TTR%C? Sh (C/Rc) = UU.")
= No

o s
= N o) [{.OM"T (w R Cj .

["n"_. (-¢

Ceme

R




/‘9 ACF:
R\/\;(’T‘) = F [va(w)j

[amc(#+kég

:&R%z‘ (gg_ ) 2 W) ]

\/\fe S ~—ct| T) e
'a?—*f—wl
‘_.{W e-—al’t’)
20 !
24
.L..[. o= ‘ ’
— = \
e X
. 7 |
(‘ﬁ‘c - {‘/ Tt
. RC)

Ne bnowg(ﬁ) e | =

ZJ RKYQT) NQ g@\(i“ !
;T

pv\; (T v
= No T
QR¥C* %@_6 i Ltjsc eﬁ%ﬁ "
| Ne e
‘/P ACFE :
Raxx (T) = }_ [Qxx(w)j
Q{wen Sxx () =" NO | ' T :
Rux (Y= F7 [ RS
= No F'[17 o ?r
2 .
”‘U] es SO




3

l/"? /Af‘fevadﬂ ?vwer '
PXX — Rxx Coy = _‘i&g_ 5(0)

TR = Ne et
fRos W - |
NO(&{ E)Clmclu) e
_ﬂne Noise L;c:mciwgd’rhtsg hehmavfk £s dﬁf\necl 539

Wy = J[M(un dw

| ol >

J[Hw}ll‘dw: ? . < | >c[u>
6 (R¢) (__t_-)zm_r_wa.
- 1 w0
®a) [/Rc Q‘P/Rc EL

| oo
= RC [—Ewﬂ'_' UJQC}
R 2c*
= ] 'T__E .—0)
T \=
puonlll T0
SRC




(ADN = &.n— B'\N "—‘—‘9 Bh“ :—;ut;*—"l"z, ‘

RRC

QT

e e e e =

>

LPQQPGOL{' the C}JD(:N\Q )Dmb\e»m 'ﬁv'r the 8'.\/&«\ RL h]

- R
ﬁh—u—wwwmmfﬁﬁﬁﬁﬁi . | N = B

T Y

.-—-? ,'f't"")
T‘ gri) = T s B €TC T
Ny L L Vo ) -

J et
i

¥

VG (6)

a

b

E/P Vc;chSe = Vi(s» =§ L’-FC%J "'i‘ R‘C-KS)] TR+ L)

O/P \(oHTaae_ = Vo(s) = IC_S) R = R I(sY

L . - - VOCQ)
T‘(M\A—Y—ex ‘F—W\cjferﬂ LN S—demain Hisy = . V,-, (})

PR

. 5 (R+jw0
e\ yg s THo T
A N T
. R 4y st }
e r}{___(O R) o 3 /
H (33 j‘- w—Tngo (.S!Z ok
a i (8)

_‘t\r 0 :) e




2

=0

. -

N (o))

= VT VT
Fa(m) |
_—((JTTew
= V1 2 — o
= e‘ e =\&E e s
’—7:\——0_ 2.
- @ ¢ T
&
» ,_.L‘_f*ra'l ‘:\T \[—’— --—-(.07 —- >
€ e “_ga__r - 6 - Vi e&q_
)
C«'Ud':&'rre
; Sx (mw—g"ﬁ%@o).:f—é\w*rr eﬂw?fb%
i !
(D) A‘chje ?oUuer fa XD Tﬁ_
We- know ACF of X = Ru (= 3+& ¢
Px = \Q_x_(oy = 2+ & ew%co’: 24 =5
Po= 8W ,
L..m....._ 0
‘Nz
| S
QM Sy o dew
N
oy _I____ 2 .
2 CGTTSCUJ) + T e"‘“/u) Ao
W
Mo, \ 6 ‘/ - f l[)-
T oo R em Scoy d VA _
AT oh wh’_&w € @1% Ao
e |
Fovall /
= 3x 3(uvo A= 3 XNTT % —- Nz s
’ = O STV = € (% Cﬂ&M:BxL{—_‘L' é@&)
o = i
o ' o
PLU‘-‘ L = =) dew = q_c{f,v



e-—‘?’







	Properties of variance:
	Properties of moment generating function
	Characteristic function
	Multiple Random Variables:

	Example1: Suppose we are interested in studying the height and weight of the students in a class. We can define the joint RV  where   represents height and represents the weight.
	Joint Probability Distribution Function:
	Example1:
	Consider two jointly distributed random variables  and with the joint CDF

	(b)
	Jointly distributed discrete random variables
	Remark
	Joint Probability Density Function
	Properties of Joint Probability Density Function:
	Conditional Probability Distribution Function
	Conditional Probability Density Function
	Solution:

	Independent Random Variables (or) Statistical Independence
	Density function of Sum of Two Random Variables:
	Figure 1
	Figure 2




	OPERATIONS ON MULTIPLE RANDOM VARIABLES
	Expected Values of Functions of Random Variables
	Figure 1
	Example 2 If
	Example 3
	Remark

	Joint Moments of Random Variables
	Remark

	Covariance of two random variables
	Proof:

	Uncorrelated random variables
	Joint Characteristic Functions of Two Random  Variables
	Properties of the Joint Characteristic Function
	Jointly Gaussian Random Variables
	Figure 1 Jointly Gaussian PDF surface
	Example 2 Linear transformation of two random variables
	thus the linear transformation of two Gaussian random variables is a Gaussian random variable




